
© 2024 JETIR April 2024, Volume 11, Issue 4                                                             www.jetir.org (ISSN-2349-5162) 

JETIRGF06055 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 225 
 

Synthesis Characterization and Biological 

evaluation of Schiff base Containing Coumarine 

Moiety 
 

M. S. More1,  B.G.Kharode, 1N.V.Rathod, B.S.Bhise2, D.L.Maske3 

Email: more.m369@gmail.com 

1. Department Of Chemistry, R.A.Art’s, Shri M.K.Commerce and S.R.Rathi Scienece Mahavidhyalaya Washim. 

(M.S.India). 

2. Department Of Chemistry, Shri Shivaji College Motala, Dist. Buldhana. 

3. Department Of Chemistry, Shri Vasantrao Naik Mahavidyalaya Dharni, Dist.Amravati. 

 

Abstracts: Schiff bases are versatile organic compounds commonly synthesized through the condensation reaction between a 

primary amine and an aldehyde or ketone. In the present work first coumarine was syntheses then the alkylation takes place and 

the Schiff base was synthesized. The physical measurement and structural elucidation by spectrum like FT-IR and 1H-NMR, used 

in this work. 

Keywords: Coumarine, aromatic aldehyde, Ethyl acetoacetate.  

Introduction:  

Schiff bases containing coumarin represent a fascinating class of organic compounds with diverse applications in 

medicinal chemistry, materials science, and other fields. Coumarin, characterized by its unique aromatic structure fused with a 

lactone moiety, is widely known for its various biological activities, including antioxidant, anti-inflammatory, antimicrobial, and 

anticancer properties. Schiff bases incorporating coumarin moieties have attracted significant attention due to their enhanced 

pharmacological properties and structural versatility. The synthesis of Schiff bases containing coumarin typically involves the 

condensation reaction between a coumarin-derived aldehyde or ketone and a primary amine. This reaction yields a Schiff base 

with a coumarin scaffold, offering a platform for the design and development of compounds with tailored properties for specific 

applications.The incorporation of the coumarin moiety into Schiff bases imparts several advantages. Firstly, coumarin derivatives 

are known to exhibit fluorescence properties, making Schiff bases containing coumarin useful probes for fluorescence-based 

detection methods in biological and chemical sensing applications. Additionally, the presence of the coumarin scaffold can 

modulate the physicochemical properties and biological activities of Schiff bases, potentially enhancing their efficacy as 

therapeutic agents. 

In medicinal chemistry, Schiff bases containing coumarin have shown promise as multifunctional agents with diverse 

biological activities. For instance, they have been explored as potential anticancer agents due to their ability to inhibit tumor cell 

proliferation and induce apoptosis. Moreover, their antioxidant and anti-inflammatory properties make them attractive candidates 

for the treatment of various diseases associated with oxidative stress and inflammation. 

Overall, Schiff bases containing coumarin represent a versatile class of compounds with promising applications in 

various fields. Their unique combination of structural features, fluorescence properties, and biological activities makes them 

valuable tools for research and potential candidates for the development of novel therapeutics, diagnostic tools, and functional 

materials. Continued exploration of their chemical properties and biological functions is likely to uncover new opportunities for 

innovation and application in diverse areas of science and technology.Their structural versatility and potential therapeutic benefits 

continue to drive interest in exploring their biological activities and therapeutic potential. 

EXPERIMENTAL 

Solvents were employed as commercial anhydrous grade. The column chromatography was done over the silica gel (100-120 

mesh).  Melting points were determined in open capillary tube and are uncorrected. 1H and 13C NMR spectra were recorded on 

Bruker advance II-400 MHz spectrometer. The molar conductivity measurements of complexes in (1 × 10−3 M) DMSO solution 

were measured at 25 0C with a Bibby conduct meter. 

Material and Methods: 

All solvents were labouring as commercial anhydrous mark without further Refining. The column chromatography was carried 

out over silica gel (100120esh). Melting points determined by open capillary tube. 1H NMR spectra were recorded on a Bruker 

400 MHz spectrometer in DCl3 solvent TMS as internal standard. The crude product was recrystallizing from 80 percentage 

ethanol. 
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Present Work: 

In the present work, the aromatic substituted Schiff bases were synthesized by condensing substituted amine containing coumarine 

moiety.  

Step I: General Procedure for the synthesis of Schiff base:  

The resorcinol (0.01 mole) and ethyl acetoacetate (0.01 mole) in round bottom flask containing 15ml ethanol and 3 ml of conc. 

Sulphuric acid was reflux for 1.5 hour a solid were obtain which is further cool and recrystallize from ethanol. 
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Scheme I 

Step II :  

The mixture of Coumarine (0.01 mole) and Chloroacethyl chloride (0.01 mole) in round bottom flask containing 10 ml potassium 

carbonate was stirred at room temperature for 1.5 hour. After completion of reaction (by TLC) the mixture was poured on ice cold 

water and dried at room temperature. 
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Scheme II 

Step III:  

The compound 2 was heated with hydrazine hydrate in ethanol on a water bath for 1 hour to obtain 2-[4-Methyl-2-oxo-2H-

Croman-7-yl)oxy] acetohydrazide compound 3. 
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Scheme III 

Step IV:  

A mixture of alcohol (20 ml) and aromatic aldehyde (0.02 mol) was taken into a 100 ml round bottom flask. The mixture was 

stirred until a homogeneous solution was obtained; comarine Contain primary amine group (0.02 mol) was added with stirring. 

(As the reaction is exothermic it should be carried out by placing flask in a freezing mixture). Reaction mass is stirred for another 

45 min. the Schiff base was precipitated out. The reaction mixture was cool with stirring. The isolated crude product is purified by 

the washing in acetone.  
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Scheme IV 

Compound also purify by silica gel column chromatography eluent ethyl acetate hexane reaction was. Monitored by TLC & spot 

were visualized in iodine. 

Table 1. Synthesis of M1, M2 M3 & M4 in terms of  Yield and melting point  

S.N. Compound R1 R2 R3 R4 R5 M.P.(0C) % Yield 

1 M1 H H H Br H 276 80.58 

2 M2 H H H H I 280 82.05 

3 M3 I H Cl H H 296 81.20 

4 M3 H I H H OCH3 258 70.25 

5 M5 NO2 I H H OCH3 270 60.25 

 

1)M1 

FT-IR 660 cm-1 for aromatic C-C stretching, 770 cm-1 for aromatic C-I stretching,  1130 cm-1 for C-O stretching , 1620 cm-1 for 

C=N stretching , 1690 cm-1 for C=O stretching 1350 for C=C stretching, 1190 cm-1 for C-N stretching, 3110 for N-H stretching.   

NMR : 

 1H NMR (400 MHz, CDCl3): δ 2.5 (s, 3H), δ 5.5 (s, 2H,), δ 6.6-7.6 (m, 9H), δ 8.0 (s, 1H NH), δ 8.4(s, 1H). 

2) M2 

FT-IR, 670 cm-1 1for C-I stretching,  750 cm-1 for aromatic C-C stretching, 1150 cm-1 for C-O stretching , 1070 cm-1 for C-N 

stretching,  1560 cm-1 for Ar C=C  stretching, 1620 cm-1 for C=O stretching, 2960 cm-1  Ar C-H stretching 3190 for N-H 

stretching. 

1H NMR (400 MHz, CDCl3): δ 2.1 (s, 3H), δ 5.5 (s, 2H,), δ 7.00-7.98 (m, 9H), δ 8.53 (s, 1H NH), δ 8.12(s, 1H). 

3) M3 

FT-IR: 550 cm-1 for C-Cl stretching, 790 cm-1 for aromatic C-C stretching, 1060 cm-1 for C-O stretching,  1190 cm-1 for C-N 

stretching , 1440 cm-1 for Ar C=C  stretching, 1670 cm-1 for C=O stretching,28100cm-1 Ar C-H stretching, 3120 for N-H 

stretching. 

1H NMR (400 MHz, CDCl3): δ2.6 (S, 3H), δ 5.0 (S, 2H,), δ 6.20-7.98 (m, 9H), δ 8.55 (s, 1H NH), δ 8.20(s, 1H). 

Antibacterial properties of the synthesized Schiff base metal complex [Zone of inhibition (mm)] 

The in vitro antimicrobial activity of the investigated compounds was tested against the bacteria such as E. coli, S. aureus, by the 

serial dilution method. The minimum inhibitory concentration (MIC) values of the compounds against the growth of 

microorganisms are summarized in graph.  

Antibacterial properties of the synthesized Schiff base metal complex 
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Fig : Zone of inhibition of comp. G7, G56, G63, and G65 against S. Aureus and E. Coli. 

 

Result and Discussion  

All the six Schiff base Congaing coumarine moiety i.e. compounds M1, M2, M3, M4& M5  were successfully synthesized in 

excellent yield and their structures are elucidated using elemental analysis, FTIR, & 1HNMR spectroscopy. All the Synthesised 

Compound will screed for their biological activity.  
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ABSTRACT

We study coupled Gauss maps in one dimension with nearest-neighbor interactions. We observe transitions from spatiotemporal chaos
to period-3 states in a coarse-grained sense and synchronized period-3 states. Synchronized fixed points are frequently observed in one
dimension. However, synchronized periodic states are rare. The obvious reason is that it is very easy to create defects in one dimension. We
characterize all transitions using the following order parameter. Let x∗ be the fixed point of the map. The values above (below) x∗ are classified
as +1 (−1) spins. We expect all sites to return to the same band after three time steps for a coarse-grained periodic or three-period state. We
define the flip rate F(t) as the fraction of sites i such that si(3t − 3) 6= si(t). It is zero in the coarse-grained periodic state. This state may or
may not be synchronized. We observe three different transitions. (a) If different sites reach different bands, the transition is in the directed-
percolation universality class. (b) If all sites reach the same band, we find an Ising-type transition. (c) A synchronized period-3 state where
a new exponent is observed. We also study the finite-size scaling at critical points. The exponents obtained indicate that the synchronized
period-3 transition is in a new universality class.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0186541

Dynamical phase transitions to an absorbing state in a spatially
extended system are a nonequilibrium phase transition. They
have been investigated from the phase transition viewpoint. A
transition to a synchronized fixed point is an obvious candidate
for an absorbing phase transition. It has a long-range order and
often falls in the directed percolation universality class. We inves-
tigate a transition to a period-3 synchronized state in a coupled
map lattice and show that it falls into different universality class.
Such states are unlikely in one dimension. However, it is realized
for weak coupling in coupled Gauss maps. We also observe a tran-
sition to an absorbing state with no long-range order. There is
a three band attractor, and different sites converge to different
bands at a given time. It is in the directed percolation universality
class. A transition to a synchronized state of a high period, which

has finitely many absorbing states, could show a departure from
known universality classes.

I. INTRODUCTION

Non-equilibrium phase transitions occur in numerous situa-
tions. Of these transitions, the transition to an absorbing state is the
most studied. These absorbing state transitions can be first-order
or continuous. The continuous transitions are further classified
into universality classes. There are very few known universality
classes, such as directed percolation, the parity conservation class,
the voter class, the Manna class, etc.1 Of these, the directed per-
colation (DP) universality class is the most widely observed one.

Chaos 34, 023113 (2024); doi: 10.1063/5.0186541 34, 023113-1
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DP in particle systems was found in threshold transfer processes, the
Ziff–Gulari–Barshad model2 and Domany–Kinzel automata.3 It has
been argued that all transitions from a fluctuating phase to a unique
absorbing state is in a DP class under the most conditions.4,5 The
conditions are (a) the transition is characterized by a non-negative
one-component order parameter, (b) the system has no special
attributes, such as unconventional symmetries, conservation laws,
or quenched randomness, (c) the transition is to a unique absorbing
state from a fluctuating active phase, and (d) couplings are short-
range. The exponents change if couplings are not short-range.6 The
question could be asked what happens if these prerequisites are
relaxed. The transition is found to be very robust under the relax-
ation of many conditions.7 This universality class can be observed
even if the absorbing state is unique or has no long-range order
in space.8,9 We will present an example of a DP transition without
long-range spatial order or a unique absorbing state in this work.

The synchronization transition is a transition to an absorbing
state with long-range order. There are numerous instances of the
occurrence of a synchronization transition in nature and society. A
few examples of these are the synchronous flashing of fireflies and
the chirping of crickets. On lattices, these transitions are often found
to be in the DP universality class.10 In this work, we show that even
for an absorbing state with long-range order, we may not observe the
DP universality class. On the other hand, we may observe it in sys-
tems, which can have infinite absorbing states in the thermodynamic
limit and no long-range order.

A short review of absorbing state transitions other than DP
may be in order. Apart from DP, a few other universality classes are
studied. The directed Ising class is observed in a system withZ2 sym-
metry. It is observed in systems, such as nonequilibrium kinetic Ising
models,11,12 Grassberger’s A and B models,5,13 branching and annihi-
lating random walks with two off-springs,14–16 and the interacting
monomer–dimer model.17 Another notable universality class is the
voter university class observed in several opinion formation models.
In one dimension, the voter class is the same as the compact-directed
percolation class and can be mapped to an equilibrium model.1

There has been a long debate on whether the pair contact process
with diffusion (PCPD) is a distinct universality class,18,19 though it
is likely that for large sizes and times, the PCPD falls in a DP uni-
versality class.20 A new non-Markovian quantity called persistence
is defined in this context. The persistence exponent has also been
used to characterize these transitions. For example, coupled logistic
maps with feedback are studied with linear or nonlinear coupling for
different feedback times. Surprisingly, in this work, it was observed
that ten different systems fall into two different classes. The classes
depend on whether the system shows ferromagnetic or antiferro-
magnetic order at the transition.21 One of the transitions observed
in this paper is also an Ising-type transition, though the microscopic
elements do not have Ising symmetry.

We work on a coupled map lattice model and focus on dynamic
phase transitions. These are defined in thermodynamic and asymp-
totic limits. Phases are defined by the asymptotic states of an infinite
system. We must mention that relatively fewer studies have been
carried out on models involving continuous variable values. The DP
universality class is observed in coupled circle maps22,23 and piece-
wise linear maps.24 The transition in the logistic map with delay
(which can be mapped on a pseudospatiotemporal system) molds

into the directed Ising universality class.25 For some maps, we can
observe transitions in the q = 3 Potts class in coupled map lattices.26

In coupled logistic maps, the transition to an anti-ferromagnetic
state is found to be in the Glauber–Ising class.27 Studies in these
systems have taken place in higher dimensions too. A study of the
possibility of transitions in equilibrium and non-equilibrium classes
has been made in two dimensions. Miller and Huse proposed the
possibility of transitions in a coupled map lattice to the Ising class in
two dimensions.28 It has been argued that the nature of the update
affects the universality class.29–31 For example, it has been shown that
a certain coupled map lattice model is in DP class only when the
update is asynchronous.29

Apart from synchronization to fixed points, other types
of synchronization, such as phase synchronization,32 generalized
synchronization,33 chaotic synchronization,34 etc., are studied in
the literature. However, there are not many studies from a phase
transition viewpoint. It is now well understood that chaotic syn-
chronization requires nonlocal coupling because it requires a gap in
the eigenvalue spectrum of the underlying connectivity matrix.35 It
is not possible with short-range coupling in any dimension. Can we
have a periodic synchronized state in one dimension? Such states are
observed in a globally coupled map.36 However, we are not aware of
such a state in one dimension with random initial conditions in the
infinite lattice limit. The reason is simple. It is very easy to destroy
the order in one dimension.37 The domain walls do not have cur-
vature and need not shrink in time. Thus, such states are not easy
to realize in one dimension with random initial conditions and in
an infinite lattice limit. In this work, we provide one such instance.
We observe a synchronized period-3 state; i.e., the entire lattice goes
through a synchronized (P, Q, R) cycle and is in a synchronized P
(or Q or R) state after every three time steps. There are three such
asymptotic attracting states, and departures from DP universality
class are not ruled out. We indeed observe that this transition does
not fall in the DP universality class. We also observe a transition
to an unsynchronized state, which has a three-period in a coarse-
grained sense. Each site is not exactly periodic but returns to the
same band after three time steps. Infinitely, many such states are
possible in the thermodynamic limit. Interestingly, this transition
falls into the DP universality class. (If there are three bands, there
are 3N possible frozen configurations. Even if all of them are not
realized, they will grow with N and there are infinitely many pos-
sible configurations in the thermodynamic limit.) We use the same
order parameter for all transitions away from the states that have a
period 3 at least in a coarse-grained sense. For the transition in a DP
class, there are infinitely many absorbing states without long-range
order. On the other hand, we observe a new universality class when
there are finitely many (three) possible asymptotic states with long-
range order. When the entire lattice goes to a single band, we observe
an Ising-type transition. Thus, a rich variety of phase transitions are
observed in a single system.

II. MODEL

The Gauss map is a one-dimensional map based on the Gaus-
sian function. (It should not be confused with the term “Gauss map”
used for a surface in differential geometry, and this map can be bet-
ter described as shifted Gaussian. However, we stick to this name

Chaos 34, 023113 (2024); doi: 10.1063/5.0186541 34, 023113-2
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FIG. 1. We plot Gauss map f(x) for ν = 7.5 and β = −0.44. The function f 3(x)
is also plotted to show the possibility of period-3 in this map.

because it is widely used for this iterative map.) It is defined as

f(x) = exp
(

− νx2
)

+ β , x ∈ R, (1)

where ν and β are map parameters. We fix the parameter ν = 7.5
in our work. This function is a Gaussian shifted by β with vari-
ance proportional to 1/ν. It is not a map of the interval and shows
phenomena, such as period-adding.38 Because the map is defined
over the entire real line, we can consider both positive and nega-
tive coupling for a coupled map lattice. We show the function and
its third iterate in Fig. 1 for β = −0.44. The fixed points of f3(x)
that do not match with the fixed points of f(x) represent period-3.
(The map rapidly goes to β for larger values of x, and hence, only
the relevant range is shown.) For this map, period-3 is observed for
−0.454 < β < −0.407. The bifurcation diagram of a single map is
shown in Fig. 2.

We define a coupled map lattice as follows. Consider a lattice of
length N. Let xi(t) be the variable at site i at time t. We assume peri-
odic boundary conditions; i.e., the last site is connected to the first
site. The evolution of xi(t) at discrete time t is given by the following
equation:

xi(t + 1) = (1 − ε)f(xi(t)) +
ε

2

[

f(xi+1(t)) + f(xi−1(t))
]

, (2)

where ε is the strength of diffusive coupling. In all simulations, xi(0)
are chosen from random initial conditions in a unit interval. For
ε = 0, we restore the single uncoupled map. This is a purely local
coupling. We study the dynamics in the vicinity of the existence of
the period-3 state. For small couplings, we expect the period-3 state
to exist for a single map for both positive and negative coupling.
We refer to Fig. 1 again. It shows seven fixed points of the func-
tion f3(x), one of which is also a fixed point for f(x). The line y = x

FIG. 2. We plot a bifurcation diagram for a single Gauss map for ν = 7.5. We
observe the range of dynamical behaviors from period 3 to a chaotic orbit.

is also shown as a reference. From Fig. 1, it is clear that the three
fixed points with a positive slope have a slope greater than 1 and
are, thus, unstable. There are three points with a negative slope. For
β = −0.44, it can be verified that they have a slope fixed greater than
−1 and are stable. One of these fixed points is above the fixed point
x∗ of f(x) and the other two are below it. Thus, the period 3 orbit is
expected to be below (above) x∗ after every three iterates.

The effective way to visualize the dynamics of the system is
the bifurcation diagram. We plot the bifurcation diagram of this
system. For N = 200 maps, variable values of all sites are shown
after t = 4990 time steps for the next 10 time steps. We plot xi(t)
for all sites as a function of β for the fixed coupling parameter ε

for 4990 < t ≤ 5000. The bifurcation diagram for both attractive
ε = −0.03 and repulsive ε = 0.03 coupling parameters is shown in
Fig. 3. We find that there are four points at which the three-period
or a three-band attractor is lost, and we observe spatiotemporal
chaos. This work focuses on these transitions. We study them as
dynamic phase transitions and investigate their universality class
because transitions from three-band or three-period states are not
investigated to the best of our knowledge. A phase is defined only in
the asymptotic and thermodynamic limits. Thus, this investigation
demands systematic investigation of long-time properties of large
lattices.

As noted above, two of the three bands of the three-band state
or two of the periodic states of the three-period state are expected
to be below or above the fixed point. This observation motivates us
to identify the following order parameters for a three-band or three-
period attractor. Let x∗ be the fixed point of the Gauss map. (This is
a transcendental equation, and the fixed point is obtained numeri-
cally using the bisection method.) We associate the spin si(t) = 1 for
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FIG. 3. We plot a bifurcation diagram for a coupled Gauss map for ν = 7.5. We
consider N = 200 and simulate it for t = 5 × 103 and plot the last ten time steps.
(a) For ε = −0.03. (b) For ε = 0.03. In this figure and all other figures, we start
with uniform random initial conditions in a unit interval [0:1]. (Choosing a uniform
initial condition between [−0.5:0.5] does not change the results.)

xi(t) > x∗ and si(t) = −1 for xi(t) < x∗. If the period is 3, we expect
si(3t + 3) = si(3t). Any departure from the periodic state will lead
to si(3t + 3) 6= si(3t). We define flip rate F(t) as a fraction of sites i
for which si(3t) 6= si(3t − 3). In other words, fraction of sites i such
that si(3t − 3) 6= si(3t). F(t) = 1

2N

∑N
i=1 |si(3t) − si(3t − 3)|. The flip

rate is zero for the periodic (or periodic in the coarse-grained sense)
state and is nonzero otherwise. If all the sites with value x < x∗

stay below x∗ after three iterates and all the sites with value x > x∗

stay above x∗ after three iterates, the flip rate will be zero at that
time. We fix the value of ε and find the value of a below which
the flip rate goes to zero asymptotically. We would like to explore
whether this order parameter that can shed light on changes in the
structural properties of dynamics is affected by changing the control
parameter.

Apart from the flip rate, another quantity we study at these crit-
ical points is persistence. It is the probability that the local value of a
fluctuating nonequilibrium field does not change its sign until time
t.39–41 In the context of spin systems, the persistence P(t) at time t
is the fraction of spins that did not change their initial spin state
even once until the given time.27 We use modulo-3 time and define
that a site i is persistent until time t if si(3t′) = si(0) for all t′ ≤ t.
Nonzero persistence implies that at least a part of the system retains
the memory of its initial conditions until that time. This is a non-
Markovian quantity. It may exhibit a power-law decay at the critical
point; the decay exponent can be said to be the persistence exponent.
If P(t) ∼ t−θ at the critical point, θ is called the persistence expo-
nent. Persistence exponents belong to a novel class of exponents,
which are different from the commonly observed critical exponents.
In our work, we study the behavior of persistence with time for
critical points at which there is a transition to a coarse-grained or
synchronized period-three state.

We observe two transitions to spatiotemporal chaos from the
three-band state for ε = −0.03. These are labeled as A and B in the
bifurcation diagram. We observe two transitions, one to a three-
band state and the other one to a three-period state for ε = 0.03
as well. They are labeled as C and D in the bifurcation diagram
for positive coupling. These four transitions fall into three different
classes. The spatial profile at the transition points gives an idea of
possible long-range order at the transition point. Only in one case,
do we observe exact synchronization (Point D). In another case, we
observe band synchronization (Point A). We could say that all sites
are in the same band. However, in two of the cases, we observe that
different sites approach different bands (Points B and C). This sys-
tem converges to a state without any long-range spatial order (exact
or coarse-grained) in space. (It still has a coarse-grained periodicity
of period-3.)

For point A, where a single band is observed, the spatiotem-
poral dynamics are shown in Fig. 4. The three bands diffuse and
annihilate, and we observe a single band asymptotically. Thus, there
is a coarse-grained long-range order.

For points B and C, the sites reach a band-periodic state with
period 3. However, different sites reach different asymptotically.
Thus, there is no long-range order. However, the differential of
the current spin values si(3t) with the spin value three-time steps
before; i.e., si(3t − 3) reaches zero. We plot defects for which si(3t)
6= si(3t − 3) as a function of time before the absorbing state
is reached. We observe that the defects spread in a cone and
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FIG. 5. Space-time plots for close to different transition points for points. The time is modulo-3. For Point B (ε = −0.03, β = −0.370 117) and point C (ε = 0.03,
β = −0.589 166 7), we observe a band-periodic state where periodicity is 3 in time with no long-range order in space. For point D (ε = 0.03, β = −0.4316), we see
a clear synchronization of all sites to a period-3 state. If xi(3t − 3) < x∗ and xi(3t) > x∗ or xi(3t − 3) < x∗ and xi(3t) > x∗, we have defect at site i at time t. The defects
are represented by black dots. (a) We show an asymptotic color-coded heat map at B. Different sites converge to different bands. (b) Defect dynamics at B is similar to
directed percolation. (c) The asymptotic heat map at C shows the same feature. (d) Defect dynamics at C is also similar to directed percolation. (e) The asymptotic heat map
at D shows clear synchronization of all sites to a period-3 state. (f) Defect dynamics at D shows drifting and merging defects, which is very different dynamics than those
observed at B and C.

Chaos 34, 023113 (2024); doi: 10.1063/5.0186541 34, 023113-5

Published under an exclusive license by AIP Publishing

 15 February 2024 07:04:52

https://pubs.aip.org/aip/cha


Chaos ARTICLE pubs.aip.org/aip/cha

FIG. 4. Space-time plot for ε = −0.03, β = −0.4607 close to transition point
A (ε = −0.03, β = −0.4606). The time is modulo-3. We observe that all sites
reach the same band asymptotically at A.

annihilate. The asymptotic spatiotemporal states as well as initial
defect dynamics are shown in Fig. 5.

At D, the sites get synchronized and show a period-3 state. The
defects show some preferred direction and drift. They annihilate on
the meeting (see Fig. 5).

The asymptotic spatial profile at critical points A, B, C, and D
is shown in Fig. 6. The differences in the nature of the transitions are
clear from the asymptotic spatial profile. We note that it is not clear
from the bifurcation diagram alone.

Interestingly, all these transitions are continuous. We study the
behavior of the order parameter defined above in all four cases. In all
cases, the flip rate F(t) approaches zero as a power-law at the critical
point. For the transitions A, B, C, and D, we find that F(t) ∼ t−δA ,
F(t) ∼ t−δB , F(t) ∼ t−δC , and F(t) ∼ t−δD at the transition points A,
B, C, and D. For transitions B and C leading to a state where differ-
ent sites approach different bands, we find that the critical exponent
δB = δC ∼ 0.16 indicating a directed percolation universality class.
For transition A, we observe δA = 0.5, which is like the Ising class.
However, for transition D, we obtain a new exponent δD ∼ 0.82,
which is not observed before [see Fig. 7(a)–7(d)].

In Fig. 7(b), we have plotted the evolution of the order parame-
ter as a function of time for the critical point B. This is an absorbing
state in a coarse-grained sense. The critical exponent obtained δB

= 0.16 is close to the exponent 0.1585 observed for 1-d directed
percolation. We note that such a transition to a fully absorbing
state in the coarse-grained sense at all times (modulo-2) has been
noted previously.8 This is yet another example showing that absorb-
ing states without long-range order can show a directed percolation
transition with appropriate modification in the definition of the
order parameter. This state is not unique, and an infinite number
of possible states are possible in the thermodynamic limit. Each site
can be in three possible bands and the number of possible absorb-
ing states is 3N. Even if all of them are not realized, the number

will grow with size and there are infinite absorbing states in the
thermodynamic limit. This shows the robustness of a directed per-
colation transition even after dropping the prerequisite of a unique
absorbing state.

The same transition to a band-state is observed at critical point
C, and we obtain an exponent close to the exponent obtained for
directed percolation. In Fig. 7(c), we have shown F(t) as a function
of time at critical point C. We find that F(t) ∼ t−δC with δC = 0.16,
which is close to the expected value for 1-d directed percolation.

Now, we consider the transition where all sites do not get syn-
chronized but reach the same band. In Fig. 7(a), we have shown F(t)
as a function of time at critical point A. We find that F(t) ∼ t−δA

with δA = 0.5. The exponent is close to the Ising transition in 1d.
This is surprising because the system does not have two states linked
by symmetry. It does not have Ising symmetry or Z2 symmetry. It
has three absorbing states in a coarse-grained sense.

Finally, we consider the most interesting case of a transition
to a fully synchronized state with period 3. So far, an exactly syn-
chronized state (apart from a synchronized fixed point) has not been
obtained in coupled map lattice to the best of our knowledge. There
are three possible absorbing states, which differ in phase. If (P, Q, R)

is a three-period orbit, all sites could be synchronized to P or Q or R
at times modulo-3. The flip rate F(t) is plotted as a function of t at
critical point D [Fig. 7(d)]. We observe F(t) ∼ t−δD with δD = 0.82,
which is a new exponent signaling a new universality class. Thus,
though the directed percolation universality class is recovered when
there are infinite possible absorbing states, there is a departure from
known universality classes when there are three possible absorbing
states.

For further characterization of the transitions, we carry out
finite-size scaling at the critical points. We simulate the system at
different sizes N at the critical point and a scaling collapse is expected
if we plot the scaled order parameter F(t)Nzδ as a function of scaled
time t/Nz for N = 50, 100, 200, 400, 800, and 1600. An excellent
scaling collapse is observed for a transition at the critical point B for
z = 1.59 and δ = δB = 0.16 (see Fig. 8). This value of z is close to the
expected value of 1.58 for a DP transition. The transition at the criti-
cal point C is similar to the point B, and we expect the same dynamic
exponent there.

For critical point D, the power law is followed by a cusp at any
finite size. This is followed by sharp decay. The location of the cusp
goes like 1/N. However, the time taken for complete decay of F(t)
scales like 1/N2. Hence, we obtain an excellent scaling collapse by
plotting F(t)NzδD as a function of t/Nz for N = 50, 100, 200, 400,
and 800 for δD = 0.82 and z = 2, which captures the latter behavior
(see Fig. 9).

Now, we study the persistence exponent at these critical points.
At point A, we do not observe a well-defined persistence exponent.
However, at points B, C, and D, we find that P(t) ∼ t−θB , P(t) ∼ t−θC ,
and P(t) ∼ t−θD , respectively. In Fig. 10, we plot P(t) as a function of
t at points B and C. At points B and C, we obtain θB = θC = 1.5. This
exponent matches the exponent observed in several models with a
1D DP transition.2,3,42 We observe a well-defined persistence at D as
well with θD = 1.1. Thus, we expect P(t)tθD to approach a constant
asymptotically. This is what we observe in Fig. 11.

To investigate how generic the transition at D is, we inves-
tigate it at other values of ε. We find that the same transition
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FIG. 6. Typical asymptotic spatial profile at A, B, C, and D is shown in (a)–(d). We plot xi(t) as a function of i for t = 8.25 × 105. We find that all sites are in the same band
at A showing a coarse-grained long-range order. At B and C, there is no long-range order, though the site returns to the same band after three time steps. Different sites are
in different bands. At D, we observe a synchronized period 3 state, and the lattice is synchronized and periodic with period 3. In (d), the y axis has range [-.4:-.3] for visibility.
The sites are synchronized.

is observed for ε = 0.01, ε = 0.02, and ε = 0.04 apart from
ε = 0.03. (Of course, the critical value of β is different.). The
flip rate decays with the exponent close to 0.82 in all these cases

(see Fig. 12).

III. RESULTS AND CONCLUSIONS

We have studied various transitions from a three-period or
three-band state in coupled Gauss maps. We define the order
parameter flip rate, which is zero if all the sites are stuck in the same
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FIG. 7. We plot the order parameter F(t) as a function of time t at different critical points. We simulate for N = 2 × 105 and average for 100 configurations. We take the
number of time steps t = 5 × 106 for (a), (b), and (c), while we take t = 107 in the case of (d). (a) For the critical point A (βc = −0.4606 and ε = −0.03), we observe a
power law decay with exponent δA = 0.5. (b) For the critical point B (βc = −0.370 117 and ε = −0.03), we get a power law decay with exponent δB = 0.16. (c) We see a
power law decay with the same exponent δC = 0.16 for the critical point C (βc = −0.589 166 7 and ε = 0.03). (d) We obtain a power law decay with exponent δD = 0.82
for the critical point D (βc = −0.4316 and ε = 0.03).
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FIG. 8. We plot F(t)NzδB as a function of t/Nz where z = 1.59 and δB = 0.16 at
the critical point B. We carry out simulations for N = 50, 100, 200, 400, 800, and
1600 sites. We average for 1600 configurations. Time steps range from 5 × 103

to 3 × 106 for different sizes considered.

FIG. 9. We plot F(t)NzδD as a function of t/Nz where z=2 and δD = 0.82 at point
D (βc = −0.4316, ε = 0.03). Simulation is done for N = 50, 100, 200, 400,
and 800 sites. We average over 2000, 10 000, 500, 350, and 325 configurations,
respectively. Time steps range from 5 × 103 to 3 × 106 for different sizes.

FIG. 10. We plot persistence P(t) as a function of time t at the critical points:
βc = −0.370 117 having ε = −0.03 and βc = −0.589 166 7 with ε = 0.03.
We take 2 × 105 sites and average over 500 configurations for 105 time steps.
We observe a power law decay with exponent θB = θC = 1.5. The curves are
multiplied by arbitrary constants for better visibility.

FIG. 11. We plot P(t)tθD as a function of t where θD = 1.1. We simulate for 106

sites and average over 25 configurations and N = 2 × 105. The curve reaches a
constant asymptotically.
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FIG. 12. We plot the order parameter F(t)tδ as a function of time t at the critical
points for which synchronized period-3 state is observed for different values of
ε. We choose δ = 0.81 for ε = 0.01 and ε = 0.02. We choose δ = 0.80 for
ε = 0.04. We average over 25 configurations. This quantity reaches a constant
asymptotically. This exponent is close to 0.82 observed at point D for ε = 0.03.
The curves are multiplied by arbitrary constants for better visibility.

band (or value) after every three-time step, and it is nonzero if at
least some of the sites do not show this behavior. This order param-
eter shows clear power-law behavior at the critical points. This helps
us to decide the corresponding universality class. We also carry out
finite-size scaling to find the dynamic exponent z. Even persistence
shows clear power-law behavior at three critical points and a well-
defined persistence exponent is observed at these points. We observe
three different possibilities: (a) Different sites get stuck in different
bands forever leading to a spatially inhomogeneous state, which is
frozen in time in a coarse-grained sense. This transition is in the
directed percolation universality class. The exponents δ, z and even
persistence exponent θ match with the expected values for the DP
class. (b) All sites converge to the same band. This shows an Ising-
type exponent at the critical point. (c) All sites get synchronized and
are in period 3. This transition has not been observed before. It is
an interesting transition because it is very easy to create defects in a
1D lattice. Hence, a synchronized periodic state is not expected. The
exponent δ is 0.82. We also find a well-defined persistence expo-
nent at this point. These exponents obtained using the same order
parameters are different and point to a new universality class.

For very tiny coupling, it is conceivable to see a synchronized
periodic state with period T + 1. If the universality class changes
with T in this instance, this is interesting to note. Another curios-
ity could be whether one can observe comparable dynamics with
stochastic cellular automata models. In such a model, every site can
have clock-type dynamics along with some nearest-neighbor inter-
action. At every time, the site is updated, and if it is in state k, it goes

to a k + 1 state. The state T + 1 is equivalent to state 0. Such models
are introduced in the context of epidemic spread.43 In this model,
there is interaction with neighbors only if the agent is in state 0 and
there is a need to suitably modify it so that periodic states exist. It
would be interesting to see if the universality class depends on T in
such a case.
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Abstract: Dynamics, bifurcations, strange attractors, and related nonlinear phenomena have been investigated in

numerous one and two-dimensional maps. The maps could be smooth, non-differentiable, or even discontinuous. Various

deformations of these systems could yield valuable insight into the dynamics of these maps. The quantum deformation or

q-deformation of nonlinear maps has been investigated recently in this context. It leads to large excursions in the phase

space, and the nature of attractors is very different from those usually observed. We investigate the q-deformed Lozi map.

The q-deformation of either variable or both variables is studied from the viewpoint of bifurcations, possible multistability,

and the nature of attractors. A rich structure of basins of coexisting attractors for various strengths of q-deformation is

investigated. The initial conditions that lead to unbounded trajectories in the absence of q-deformation may get confined for

slight q-deformation. Chaotic synchronization of two coupled q-deformed Lozi maps is observed, and an analytic criterion

has been given for the same.

Keywords: Lozi map; q-Deformation; Discrete nonlinear maps; Strange attractor; Multistability; Coexisting orbits

1. Introduction

Discrete dynamical systems, popularly known as maps,

have been an indispensable and important tool in the study

of dynamical systems. Different dynamical systems

demonstrate different physical phenomena. Dynamics in

two dimensions is obviously richer than dynamics in one

dimension. The Hénon map is probably the oldest and most

studied two-dimensional map. It was introduced as a

Poincare map for Lorenz system [1]. A more analytically

tractable version of the same was proposed by Lozi, in a

brief remark in 1978 [2]. It replaces the quadratic term in

Hénon map with a piecewise linear term. It enables the

rigorous demonstration of the chaotic nature of particular

attractors [3] and a thorough examination of their basins of

attraction [4]. Bifurcations in the Lozi map have been

studied by Bottella-Soler and coworkers. They explored a

particular bifurcation where there is a presence of contin-

uum of neutrally stable cycles in one-dimensional maps,

when the function becomes collinear with the identity map.

[5]. Lozi map has been extremely popular and well

investigated since its formulation. It continues to spark

interest and investigations. Elhadj argued that ‘‘It seems

that Lozi mapping bridges the gap between Axiom A

systems and more complicated systems like the Hénon map

called quasi-attractors’’. It is a hyperbolic system and is

more tractable [6]. Notable difference with Hénon map is

that it does not show a period-doubling sequence and a

chaotic attractor is created via border collision. Piecewise

linear maps have applications in several real-life systems,

and the Lozi map is one of its earliest examples [7].

Chaotic maps have numerous applications, such as

cryptography and secure communications using synchro-

nization. Maps showing robust chaos, such as the Lozi map

are very useful in this context [8]. Control and synchro-

nization schemes have been demonstrated using the Lozi

map. In game theory as well as in evolutionary algorithms,

random switching between strategies or variation operators
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has been replaced by chaotic switching. Such algorithms

and their effects are investigated using the Lozi map. (A

compilation of these applications can be found in a com-

prehensive book [6].) In a remarkable result, the piecewise

linear nature of this map enabled mathematicians to

establish the rigorous demonstration of the chaotic nature

of attractors [3]. Several properties that limits the chaotic

properties of the case of conservative map (jbj ¼ 1) such as

the domain of existence of the strange attractor, fixed

points, invariant manifolds, and the basin of attraction are

studied [9]. Of late, fractional variants and complex frac-

tional variants of the Lozi map have been studied [10].

The Lozi map is piecewise linear. The mathematical

nature of the functions has a profound influence on the

dynamics they could display. Quadratic maps, cubic maps,

maps on circles, and piecewise linear maps display dif-

ferent phenomena and bifurcations and could be useful in

different contexts. The circle map shows Arnold tongues

[11, 12]. The Gaussian map or other maps with long tails

show period-adding cascades [13]. Piecewise linear maps

show border collision bifurcations [14]. For the Lozi map,

non-hyperbolicity plays an important role in determining

the nature of possible bifurcations [15].

This work deals with the q-deformation of such a map.

The underlying map is a rational function for such defor-

mation and has singularities. The dynamics of maps with

singularities have not been studied much. Therefore, we

study q-deformation in two dimensions.

One more deformation of the Lozi map has been studied

previously. Aharonov et al studied a variant of the Lozi

map where jxj is replaced by
ffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ �
p

. For very small

deformation � ¼ 0:01, they observe a chaotic region with

several hexagonal islands [16]. The orbit of a single point

has a chaotic trajectory where 13 hexagonal islands are

excluded. Thus deformation can lead to several new phe-

nomena. In this context, the q-deformation of maps could

be of interest. In our case, the rational functions can have

simple zeros in the denominator and dynamics can show a

blow-up in the vicinity of these zeros. However, there can

be a folding because a large value in the denominator leads

to a small value. Hence, the overall system can stay

bounded. It will become apparent in the subsequent dis-

cussion that q-deformation introduces such singularities.

Sometimes its strength can be controlled as well. It can

help us to carry out a systematic study of bifurcation

structure in the presence of singularities.

We use the definition of q-deformation of numbers

given by Jagannathan and Sinha [17]. Historically, the q-

deformation has been studied in the context of quantum

groups [18]. It is found to be useful in the study of quantum

Yang-Baxter equations, quantum inverse scattering meth-

ods [19] and even statistical physics [20]. Any quantity (i:e:

numbers, series, functions, etc.) could be studied by

introducing an additional parameter q into the definition of

the quantity such that under q ! 1, we recover the original

quantity. The generalization of a mathematical quantity,

operator, or function need not be unique [21]. For instance,

there exist several definitions of fractional derivatives, and

at least three independent definitions have been pursued

actively. Similarly, q-deformation could be defined in

several ways. For example, the q-exponential function has

been defined in couple of ways [22]. The q-analogues of

constants � and p have been defined. Similarly, q-loga-

rithms [23], q-Gaussian [24], q-factorials and q-binomial

coefficients [25, 26] are defined. These functions are useful

in combinatorics. Particularly, q-Gaussian is useful in sta-

tistical physics [20].

In this work, we study the q-deformation of numbers

that leads to q-deformation of functions. Sinha and

Jagannathan derived a q-deformation of integers based on a

comparison between an exponential and its q-deformation

[17]. They extended it to a real number. Furthermore, they

used it to study nonlinear maps. The first study has been on

the logistic map which is the most popular nonlinear map.

There are numerous differences in the bifurcation diagram,

including the absence of a complete period-doubling cas-

cade. Logistic map shows multistability which is rare in

one-dimensional maps. Multistability is the coexistence of

several qualitatively different states. It can be reached

asymptotically for a given set of parameters. Dynamics is

not ergodic. The long-term dynamics of an attractor in a

system depend upon the initial state. The study of the basin

of the attractor can reveal the complex nature of underlying

multistability. The phenomenon of multistability is

encountered in nature as well as artificial systems such as

optical systems [27] and semiconductor materials [28].

Several biological systems show functional flexibility in

reacting to the external stimulus [29]. The coexisting spe-

cies in an ecosystem possess several alternative dynamical

states [30]. Gupta and Chandrmouli studied the q-defor-

mation of the logistic map using deformation on the right

as well as the left-hand side [31]. It does not display any

qualitatively different behavior. It shows a period-doubling

cascade independent of the deformation parameter. Later,

Patidar and Sud studied Gaussian maps. This map has

coexisting attractors even without the q-deformation (This

is unique in one-dimensional maps). The q-deformed map

exhibits coexisting attractors as well [32]. Canovas and

Munoz-Guillermo studied the q-deformed Gaussian maps

in further detail and investigated the topological entropy in

these maps [33]. Using the sign of Schwazian derivative

and the topological entropy, they carried out extensive

studies in dynamics [34]. In 2-dimensional maps, Patidar,

Purohit, and Sud studied q-deformed Hénon map. They

demonstrated that chaos suppresses if the values of
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q-deformation are chosen appropriately [35]. The q-de-

formation of the Tinkerbell map is studied by Iyengar and

Balakrishnan. They observed several regions of chaos

among the periodic windows [36]. They also studied its

application to the encryption and decryption of messages.

2. The q-deformed Lozi map

In this work, we study the dynamical behavior of the Lozi

map subjected to q-deformation. A Lozi map is a two-

dimensional piecewise-linear map. The canonical form is

as follows:

Fig. 1 (a) Shows the basin of an attractor for an non-deformed Lozi

map. The initial conditions in the red part blow up to infinity. The rest

of the initial conditions lead to a chaotic attractor. (b) Shows the basin

of an attractor for a q-deformed Lozi map with deformation value

�x ¼ 0:01 and �y ¼ 0:01. None of the initial conditions blow up to

infinity for double deformation. The initial conditions in the blue

region converge to a fixed point and those in the green region lead to a

chaotic attractor. Several of the initial conditions that blew up in non-

deformed cases are in the basin of the fixed point for double

deformation

Fig. 2 (a) Shows the bifurcation diagram of the Lozi map with q-

deformed x variable in the deformation range �4� �x � 4 and �y ¼ 0.

We restrict the y-axis to a range and ignore large but rare values. (b)

Shows the largest Lyapunov exponent k as a function of �x for a ¼ 1:7
and b ¼ 0:5. Positive values of k indicate the existence of chaos

Existence of multistability in the dynamical behavior



xðnþ1Þ ¼ f ðxn; ynÞ ¼ 1 � ajxnj þ yn

yðnþ1Þ ¼ gðxn; ynÞ ¼ bxn
ð1Þ

where a and b 6¼ 0 are real constant. Generally used

parameter values are a ¼ 1:4 and b ¼ 0:3. We note that the

Lozi map displays a singular hyperbolic chaotic attractor at

the typical control parameter value a ¼ 1:7 and b ¼ 0:5.

We study the q-deformed map at a ¼ 1:4 and a ¼ 1:7 for

various values of b.

The q-deformation of maps can be done in numerous

ways. We use the q-deformation scheme proposed by

Jaganathan and Sinha [17]. We study the cases where (a)

only the x variable is q-deformed, (b) only the y variable is

q-deformed, and (c) both the variables are q-deformed,

essentially in the context of multistability. The doubly q-

deformed Lozi map is as follows:

xðnþ1Þ ¼ f ð½xn�qx ; ½yn�qyÞ
yðnþ1Þ ¼ gð½xn�qx ; ½yn�qyÞ

ð2Þ

Fig. 3 (a), (b), (c) and (d) show the strange attractor of the x-

deformed Lozi map obtained at �x ¼ �0:02, �x ¼ 0:1, �x ¼ �0:8 and

�x ¼ 2, respectively. Here a ¼ 1:7 and b ¼ 0:5. Nature of chaotic

attractor does not change much for small values of �x, whereas for

comparatively larger values of �x such as �0:8 and 2, the nature of the

attractor changes. In all figures, x and y values are restricted in the

region. Large but rare values are not shown for better visibility
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where,

½x�qx ¼
x

1 þ ð1 � qxÞð1 � xÞ ð3Þ
½y�qy ¼

y

1 þ ð1 � qyÞð1 � yÞ ð4Þ

Similarly, with the q-deformed x variable alone, the

equations are as follows:

Fig. 4 (a) Shows the space-time plot for �x ¼ 2:78. The time series shows a period-8 orbit. (b) Shows a period-16 orbit obtained in the time

series plot for �x ¼ 2:998

Fig. 5 Figure (a) shows the distribution of the initial conditions

emerging into different dynamical conditions. We observe a period-2

orbit (yellow) and a chaotic (purple) attractor coexisting for �x ¼

�0:912 in the initial value plane. Figure (b) shows the initial

condition emerging into fixed points (red) and chaos (purple)

coexisting for �x ¼ 0:05
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xðnþ1Þ ¼ f ð½xn�qx ; ynÞ
yðnþ1Þ ¼ gð½xn�qx ; ynÞ

ð5Þ

If we deform only the y-variable, the equations are as

follows:

xðnþ1Þ ¼ f ðxn; ½yn�qyÞ
yðnþ1Þ ¼ gðxn; ½yn�qyÞ

ð6Þ

We introduce new variables �x and �y such that �x ¼ 1 � qx
and �y ¼ 1 � qy. As qx ! 1; �x ! 0 and as qy ! 1, �y ! 0

We study the attractors and possible multistability in this

system under the variation of various parameters. (For

�x ¼ �1, xqx ¼ 1 always. Similarly for �y ¼ �1, yqy ¼ 1

always. We do not study these pathological cases. But we

note that in all the bifurcation diagrams, we certainly

observe a bifurcation near �x ¼ �1 or �y ¼ �1.) The study

Fig. 6 Phase diagram for several attractors found for various combinations of �x and b. Here, (a) a ¼ 1:4 and (b) a ¼ 1:7. Red color corresponds

to parameter values leading to a single attractor while green represents two attractors. Blue color symbolizes three attractors

Fig. 7 (a) Basin of attractor for a ¼ 1:7, b ¼ 0:3899, and �x ¼ �1:1. Figure shows the existence of three different attractors for different initial

conditions. (b) Time series for different values of initial conditions showing three different attractors
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of multistable systems has many applications and has

attracted a lot of interest in the past [37].

We also study two diffusively coupled q-deformed Lozi

maps in the last section. In this case, both variables are q-

deformed. There is a possible blow up when x ¼ 1þ�x
�x

or

y ¼ 1þ�y
�y

. We ignore the initial conditions that correspond

exactly to the pole of the function. However, if the values

are close to the pole and not exactly at the pole, their value

can immediately reduce due to the q-deformation, and the

trajectories do not escape to infinity. Thus, q-deformation

could lead to the confinement of the trajectories that could

blow up in the absence of deformation. We illustrate it with

the following example. Consider the Lozi map for a ¼ 1:4

and b ¼ 0:3. In the absence of q-deformation, there is a

single chaotic attractor obtained for initial conditions in the

basin of this chaotic attractor. All the initial conditions

outside this basin blow up to infinity (See Fig. 1a). For q-

deformation values �x ¼ 0:01 and �y ¼ 0:01, the basin of

the chaotic attractor does not change much. However, the

initial conditions that reached infinity in the absence of

deformation tend towards a fixed point for these values.

Thus, there are two coexisting attractors—a chaotic

attractor and a fixed point. The basin of the chaotic

attractor is connected simply (See Fig. 1b). As we shall see

later, in case of double deformation, a few initial conditions

blow up to infinity.

2.1. Case I: q-deformed x-variable

First, we study the dynamics of the Lozi map with the q-

deformed x variable only, keeping the y variable untou-

ched. We study the bifurcation diagrams, the Lyapunov

exponent, and the phase diagrams to reveal the parameter-

dependent bifurcation behavior and multistability. The

bifurcation diagram is a great tool to comprehend the

dynamics of a system. Figure 2a shows the bifurcation

diagram of the q-deformed x variable as a function of the

deformation variable �x in the range ½�4 : 4�. We start with

a random initial condition with control parameter a ¼ 1:7,

b ¼ 0:5.

We observe period-2 state for �x\� 1. A crisis is

observed at �x ¼ �0:89 and a chaotic regime begins.

Another period-2 state extends from �x ¼ 0:33 to 1.5.

Eventually, the periodicity ceases to exist, and a chaotic

region is observed in range �x 2 ½1:5; 4�. We calculate the

finite-time largest Lyapunov exponent (k) to affirm the

existence of chaos by iterating the q-deformed Lozi map

105 times. At �x ¼ 1:6, the largest Lyapunov exponent k ¼
0:27495 and at �x ¼ �0:64, k ¼ 0:51242. A positive value

implies chaos. k is plotted as a function of deformation

parameter �x in the range �4� �x � 4 in Fig. 18b. As

expected, we obtain a positive Lyapunov exponent in the

chaotic regions.

Fig. 8 (a) Bifurcation diagram of the Lozi map is plotted as a function of the deformation variable �y. The deformation range is �4� �y � 4. The

parameter values are a ¼ 1:7 and b ¼ 0:5. (b) Shows the largest Lyapunov exponent k plotted as a function of �y
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The attractors obtained for small values of deformation

�x ¼ �0:02 and �x ¼ 0:1 are shown in Fig. 3a and b,

respectively. Deforming the x variable does not immedi-

ately change the nature of the attractor. However, it

changes completely for large deformation values of �x. We

show the attractor for �x ¼ �0:8 and �x ¼ 2 in Fig. 3c and

d, respectively. The chaotic region and periodic orbits are

interspersed. For example, we observe a period-8 attractor

for �x ¼ 3:1 and a period-16 attractor for �x ¼ 2:998 (See

Fig. 4a and b). Multistability can be observed for some of

the deformation values �x. We observe two different

attractors for different initial conditions for deformation

parameters �x ¼ �0:912 and 0.05. The initial conditions

that blew up in the absence of the deformation (�x ¼ 0) are

Fig. 9 A continuous strange attractor is obtained in case of y variable

q-deformed Lozi map (a) for �y ¼ �4:5: (b) Shows a continuous

attractor obtained for �y ¼ �0:9. (c) A discontinuous attractor

obtained for �y ¼ 0:02. We observe a discontinuity between

�y ¼ 0:16 � 0:27. (d) Shows a continuous attractor obtained for

�y ¼ 2:5
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now in the basin of attraction of the fixed point. The basins

of coexisting attractors for �x ¼ �0:912; 0:05 are shown in

Fig. 5a and b. Here, we represent the different initial

conditions leading to different dynamics by different col-

ors. Coexisting period-2 orbit and chaos are observed for

�x ¼ �0:912. Fixed point and chaotic attractor coexist for

�x ¼ 0:05. The basins could be either smooth or intermin-

gled. In one case, the basins are intermingled. While in the

other, they are well separated.

We carry out a systematic study of multistability for

control parameter values a ¼ 1:4 and a ¼ 1:7 for various

values of �x and b. Coexisting attractors were observed

only for a small range of �x. In this region, the basin is

fragmented and the nearby initial conditions can lead to

entirely different attractors. For �x [ 0, we find a chaotic

attractor coexisting with the fixed point for small values of

�x. This is similar to the doubly deformed case discussed

above.

We plot a phase diagram consisting of regions of dif-

ferent asymptotic number of attractors for a ¼ 1:4; 1:7.

There are predominantly two regions: a) a single attractor

and b) two attractors. Few values of b and �x lead to three

attractors. They are often on the borderline of the one

attractor and two attractor phases. (Fig. 6). We do not come

across the parameter values that yield more than three

possible attractors. The q-deformation of the x variable

leads to a very stable system, and any initial condition

rarely blows up. Thus, the system remains bounded for

most parameter values and initial conditions. We consider

a case where there are three possible attractors. We have

shown three basins of attraction for parameter values

a ¼ 1:7, b ¼ 0:3899, and �x ¼ �1:1 (Fig. 7a). These are

smooth basins. We have observed period-3, period-6, and

chaotic attractors for different initial conditions. Three

different asymptotic time series for various initial condi-

tions are shown in Fig. 7b.

2.2. Case II: q-deformed y-variable

We study the effect of the q-deformed y variable on the

dynamics of the Lozi map, while keeping the x variable as

it is. Figure 8a shows the bifurcation diagram of the q-

deformed y variable. The diagram is plotted over the range

of deformation parameter �4� �y � 4. The control

parameters are a ¼ 1:7 and b ¼ 0:5. We observe a region

of strange chaotic attractor extending from �y ¼ �4 to

�3:1. Two disjoint bands in the attractor come together,

and a single continuous attractor is observed in this range.

The Lyapunov exponent k in this range is small but posi-

tive as shown in Fig. 8b.

Fig. 10 Phase diagram for several attractors found for various

combinations of �y and b. Here, (a)a ¼ 1:4 and (b) a ¼ 1:7. Red color

corresponds to parameter values where all initial conditions blow up.

Blackcolor stands for the parameter values for which some initial

conditions lead to an attractor and some blow up. Blue color

represents the parameter values where two distinct attractors exist

with initial states that blow up
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Unlike the case of q-deformed x variable, some initial

conditions always blow up. The nature of the Lozi attractor

changes as well. An attractor obtained at �y ¼ �4:5 is

shown in Fig. 9a. Figure 9b shows a strange attractor at

�y ¼ �0:9 which is not linear. The attractor at �y ¼ 0:02

comprises two chaotic bands (Fig. 9c). A strange attractor

with discontinuity is observed between 0:16 � 0:27. The

attractor becomes continuous with an increase in the

strength of the deformation variable �y. With further

increase in �y, the bands merge, and we obtain a single

continuous attractor for �y ¼ 2:5 as shown in Fig. 9d. The

nature of the strange attractor is entirely different from that

of the q-deformed x variable case.

We carry out an extensive study of multistability, for

a ¼ 1:4 and a ¼ 1:7 for various values of b and �y. We

show the phase diagram for the parameter values at which

Fig. 11 Basin of attractor for (a) control parameter a ¼ 1:4, b ¼
0:789 and �y ¼ �0:55. The color code is purple = 1, blue = period-8,

yellow = chaos, (b) control parameter a ¼ 1:4, b ¼ 0:3889 and

�y ¼ �0:56. The color code is purple = 1, black = period-2, red = 6-

band attractor, (c) control parameter a ¼ 1:7, b ¼ 0:9499 and

�y ¼ 0:4699. The color code is purple = 1, black = period-2, green
= period-6, and (d) control parameter a ¼ 1:7, b ¼ 0:9699 and

�y ¼ �1:23. The color code is purple = 1, black = period-2, green =

period-6
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we have a) all the initial conditions leading to infinity b)

some initial conditions leading to blow-up coexisting with

conditions leading to a single attractor, and c) initial con-

ditions that can blow up or lead to two possible attractors

(See Fig. 10). Because we do not consider infinity to be an

attractor, true multistability can be claimed only for case

c). In such cases, we observe a rich structure as shown in

Fig. 11. Fig. 11 show a basin of attractors obtained for

a ¼ 1:4 and a ¼ 1:7 for different values of �y and b.

2.3. Case III: Doubly q-deformed

In this section, we simultaneously q-deform the x and y

variables. Now we have multiple free parameters a, b, �x
and �y. For convenience, we fix �y and study the parameter

dependence on �x and b, for a ¼ 1:4 and a ¼ 1:7. We study

two cases (a) �y ¼ �1:1 and (b) �y ¼ 1:1, for the existence

of multistability for different values of �x.

The bifurcation diagram with varying deformation

variable �x in the range �5� �x � 5 keeping �y ¼ �1:1 is

shown in Fig. 12a. We observe an extended chaotic regime

in the range �3:77\�x\� 1:5, followed by period-2 orbit

up to �1:38. Another chaotic region emerges in the range

�1:38\�x\� 0:95. We plot the largest Lyapunov expo-

nent of the doubly q-deformed Lozi map for �y fixed at

�1.1 and �x in the range [-5:5] in Fig. 12b). Several

periodic attractors were observed for positive values of �x
which cannot be noticed in the bifurcation diagram (See

Fig. 13a–c). Period-6, period-9 and period-3 orbits are

obtained for �x ¼ 0:42; 0.45, and 0.5, respectively. The

nature of the strange attractor obtained at �x ¼ 0:8 is shown

in Fig. 13d. We further investigate the underlying initial

value-dependent coexisting dynamical phenomenon by

varying the strength of the q-deformed variable �x keeping

�y ¼ �1:1. We obtain the kinetic map for �x ¼ �0:0499. In

the initial value plane, some set of initial conditions adhere

to period-2 and period-6 attractor, while the rest of them

are fixed points (See Fig. 14a). Figure 14b shows the

coexistence of chaotic attractor and fixed points for

�x ¼ �0:8. At the onset of the fixed point emerging into

period-2, we observe the coexistence of the period-2 orbit

and fixed point at �x ¼ �0:3 (see Fig. 14c). Figure 14d

shows the fixed points and period-4 orbit coexisting at the

transition of period-2 to period-4 for �x ¼ 0:02.

In case (b) we fix �y ¼ 1:1. We observe multistability in

this case as well. Figure 15a shows the bifurcation diagram

plotted over the range �5� �x � 5. Period-2 orbit extends

up to �x ¼ �1:46, which leads to period-4 orbit. A chaotic

regime begins at �x � 1:21. Another chaotic region extends

between �0:8 to �0:25. It is followed by two bands

merging into period-4 and eventually period-2 orbit.

Another chaotic region extends in the range 2� �x � 5. The

Fig. 12 (a) Shows the bifurcation diagram of a doubly q-deformed

Lozi map for a fixed value of �y ¼ �1:1. The control parameters

a ¼ 1:7 and b ¼ 0:5. The diagram is plotted over the range

�5� �x � 5. (b) Shows the plot of the largest Lyapunov exponent k
calculated over the deformation range �5� �x � 5. �y fixed at �1.1
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plot of the Lyapunov exponent is shown in Fig. 15b. Fig-

ure 16a shows the time evolution of period-6 attractor

obtained for �x ¼ �1:18 and �y ¼ 1:1. Figure 16b–d shows

the change in dynamics of the strange attractor with a

change in the value of �x. For �x ¼ 0:45, the strange

attractor shows a single discontinuity in the range 0:22 �
0:8 (See Fig. 16c). For �x ¼ 0:55 the strange attractor

shows multiple discontinuities in the range �0.63 to

�0.17,0.12�0.96 and 0.75�0.99 (Fig. 16d).

Multistability is reflected in Fig. 17a–d. We represent

the initial values emerging into different dynamics with the

help of different color regions. In Fig. 17a, we observe

coexisting period-6 and chaotic attractor for �x ¼ �1:18 in

the initial value plane. Period-10 and period-8 attractors are

found to be coexisting for � ¼ �1:05(See Fig. 17b). Fig-

ure 17c and d shows chaotic and fixed points existing

simultaneously for �x ¼ 0:0599 and �x ¼ �0:1, respec-

tively. The number of initial conditions converging to

chaotic dynamics increases with an increase in �x. In all the

Fig. 13 (a) Represents period-6 attractor existing in the doubly q-

deformed Lozi map for �x ¼ 0:42 and �y ¼ �1:1. (b) shows period-9

attractor obtained at �x ¼ 0:45. (c) shows the time evolution of

period-3 attractor obtained for �x ¼ 0:5. (d) Shows a strange attractor

obtained for �x ¼ 0:8. �y is fixed at �1.1 in all cases
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above cases, we study the coexisting hidden periodic orbit,

chaotic attractor, and fixed points that are not evident in the

bifurcation diagrams. The existence of a hidden attractor

confirms the existence of multistability in the doubly q-

deformed Lozi map.

We carry out a systematic study of multistability for

a ¼ 1:4 and a ¼ 1:7 for various values of �x, �y and b. We

study the basin of attractor for a ¼ 1:4, b ¼ 0:3,

�x ¼ �0:6599, �y ¼ �1:6499 and a ¼ 1:7, b ¼ 0:5,

�x ¼ �0:9799, �y ¼ �1:6599(See Fig. 18). The basin of

attractors is well-distributed in the case of a ¼ 1:4 whereas

we obtain completely intermingled basins for a ¼ 1:7. We

plot the phase diagram of different attractors obtained for

a ¼ 1:4; b ¼ 0:3 and a ¼ 1:7; b ¼ 0:3 for different combi-

nations of �x and �y (See Fig. 19). The green color repre-

sents parameter values that lead to one attractor, red leads

Fig. 14 We have plotted various basins for �y ¼ �1:1 for various

values of �x. (a) For �x ¼ �0:0499, we find the coexistence of the

fixed point(blue), period-2 (pink), period-6 (black). (b) For �x ¼ �0:8,

we find the coexistence of the chaotic (orange) and the fixed points

(blue). (c) For �x ¼ �0:3, we find coexisting fixed points (blue) and

the period-2 attractor (pink). (d) For �x ¼ 0:02, we observe the fixed

points (blue) attractor coexisting with a period-4 (red)
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to two attractors, and blue leads to three attractors. Single

attractor and double attractor regions are dominant in the

parameter space. Very few parameter values lead to

coexisting three attractors. The q-deformation of both

variables has rarely led to initial conditions that blow up to

infinity. Therefore, the system remains bounded similar to

the q-deformed x variable only.

3. Coupled q-deformed Maps

Multistability can be observed often in coupled systems

due to an increase in complexity. It has resulted in the loss

of synchronization in the case of Logistic maps [38] and

Hénon map [39, 40].

We study chaotic synchronization in two doubly

deformed Lozi maps. We simultaneously deform both

x and y variables and define two coupled maps in a standard

manner. The first map is attributed the variables (x1, y1)

and the second has (x2, y2). The coupling constant is d.

The coupled q-deformed Lozi map is as follows:

x1ðnþ1Þ ¼ ð1 � dÞf ð½x1n��x ; ½y1n��yÞ þ df ð½x2n��x ; ½y2n��yÞ
y1ðnþ1Þ ¼ ð1 � dÞgð½x1n��x ; ½y1n��yÞ þ dgð½x2n��x ; ½y2n��yÞ
x2ðnþ1Þ ¼ ð1 � dÞf ð½x2n��x ; ½y2n��yÞ þ df ð½x1n��x ; ½y1n��yÞ
y2ðnþ1Þ ¼ ð1 � dÞgð½x2n��x ; ½y2n��yÞ þ dgð½x1n��x ; ½y1n��yÞ

where,

½x��x ¼
x

1 þ �xð1 � xÞ
½y��y ¼

y

1 þ �yð1 � yÞ

The Jacobian around a synchronized solution ðxn; yn; xn; ynÞ
is given by:

Jn ¼

ð1 � dÞfx ð1 � dÞfy dfx dfy

ð1 � dÞgx ð1 � dÞgy dgx dgy

dfx dfy ð1 � dÞfx ð1 � dÞfy
dgx dgy ð1 � dÞgx ð1 � dÞgy

2

6

6

6

4

3

7

7

7

5

ð7Þ

where

fx ¼
of ð½xn��x ; ½yn��y ; ½xn��x ; ½yn��yÞ

oxn

and fy, gx and gy are defined analogously. This matrix can

be block diagonalized as:

Jn ¼

fx fy 0 0

gx gy 0 0

0 0 ð1 � 2dÞfx ð1 � 2dÞfy
0 0 ð1 � 2dÞgx ð1 � 2dÞgy

2

6

6

6

4

3

7

7

7

5

ð8Þ

Fig. 15 (a) Shows the bifurcation diagram of the doubly q-deformed

Lozi map for a fixed value of deforming parameter �y ¼ 1:1. Here

a ¼ 1:7 and b ¼ 0:5. The range of deformation parameter is

�4� �x � 4. (b) Represents the largest Lyapunov exponent k obtained

for deformation parameter �x in the range ½�4 : 4�
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Fig. 16 (a) Shows the time evolution of period-6 attractor in the

doubly deformed Lozi map for �x ¼ �1:18 and �y ¼ 1:1. (b)

Existence of a strange attractor for �x ¼ �0:1. �y is fixed at 1.1 in

all cases. (c) For �x ¼ 0:45, the strange attractor shows a single

discontinuity in the range 0.22�0.8. (d) For �x ¼ 0:55 the strange

attractor shows multiple discontinuities in the range �0.63 to

�0.17,0.12�0.96 and 0.75�0.99

Existence of multistability in the dynamical behavior



Fig. 17 Figure (a) shows the plot of initial conditions at �x ¼ �1:18.

It shows the coexistence of period-6 (green) and chaotic attractor

(purple). Figure (b) represents the coexistence of period-10 (pink) and

period-8 (black) attractor for � ¼ �1:05, (c) shows coexisting chaotic

(purple) and fixed points (red) for �x ¼ �0:1 and (d) shows coexisting

chaotic (purple) and fixed points (red) for �x ¼ 0:0599. The fraction

of initial conditions converging to chaotic points increases with an

increase in �x. In all these cases �y is fixed at 1.1
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Fig. 18 Basin of attractors of doubly deformed Lozi system with

(a)a ¼ 1:4, b ¼ 0:3, �x ¼ �0:6599, �y ¼ �1:6499, (b) a ¼ 1:7,

b ¼ 0:5, �x ¼ �0:9799, �y ¼ �1:6599. In (a) initial conditions in

red lead to period-2, blue lead to period-4, and black lead to fixed

points. In (b), the initial conditions in yellow lead to chaos and green

leads to period-3. Here, the basins appear completely intermingled

Fig. 19 Phase diagram for several attractors of doubly deformed Lozi

system with (a) a ¼ 1:4, b ¼ 0:3, (b) a ¼ 1:7, b ¼ 0:5 for different

combinations of �x and �y. The green color represents parameter

values that lead to one attractor, red leads to two attractors, and blue

leads to three attractors. Again, we observe that three attractors are

obtained very rarely and are on the borderline of parameter values

leading to one and two attractors
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This block-diagonalizing transformation does not depend

on the variable values. Thus, the system is chaotic if a

single map is in the chaotic region, and synchronized chaos

is possible if jð1 � 2dÞ expðkmaxÞj\1. Let �x ¼ �y ¼ 0:4.

The other parameter values are a ¼ 1:7 and b ¼ 0:5. For

d ¼ 0, i.e., the uncoupled case, the largest Lyapunov

exponent is kmax ¼ 0:143. Thus, we observe chaotic syn-

chronization for 0:07� d� 0:93 for close by initial con-

ditions. This is the case indeed (See Fig. 20).

4. Conclusions

We study the dynamics of the Lozi map under q-defor-

mation of a) the x variable only, b) the y variable only and

c) both x and y variable. The control parameter values are

a ¼ 1:4 and a ¼ 1:7 with different values of b. The case of

the coupled q-deformed maps is studied in the last sec-

tion. The bifurcation diagrams, Lyapunov exponents, phase

portraits, and basins of the attractor are used to examine the

underlying multistability in each case. Multistability is a

significant feature. Even a slight perturbation can change

the dynamics of the system from one attractor to another.

In this case, the multistability is driven by initial conditions

in the respective region of attraction for a given set of

parameters. In the case of q-deformed x variable only, the

phase diagram in the parameter space �x and b shows

predominantly two regions comprising of a single attractor

and a double attractor. Very few parameter values lead to

three coexisting attractors. We find several coexisting

attractors in the initial value plane. The different basins

corresponding to different attractors can be intermingled or

smoothly separated. The q-deformation of the x variable

only rarely blows up to infinity. Therefore, the system

remains bound for all the initial conditions studied for this

case. The number of possible attractors is two or at the

most three. We do not observe extreme multistability in

any case.

We observe blow up to infinity in case of q-deformation

of the y variable only. The phase diagram for the parameter

values �y and b shows the cases where all the initial con-

ditions lead to infinity, some initial conditions lead to blow

up coexisting with initial conditions that lead to a single

attractor and initial conditions that can blow up or lead to

two possible attractors. Multistability can be claimed only

in the last scenario. If both the variables are q-deformed,

we find several coexisting attractors in the initial value

plane. The phase diagram reveals several intermingled and

well-separated phases. We obtain parametric regions with

single and dual attractors primarily. The cases where three

coexisting attractors exist often appear along the borderli-

nes of single and double attractors. The system remains

bound for all the initial conditions studied in this case,

similar to the case of the q-deformed x variable.

In case of diffusively coupled q-deformed Lozi maps,

we simultaneously q-deform both the variables. It is

notable that, unlike the non-deformed map, the trajectories

seldom escape to infinity in the case of doubly deformed

and q-deformed x variables only. It implies that the system

can be operated in a stable regime without blowing up.

Secondly, we do not observe the same if only the y variable

is deformed. Finally, in the doubly deformed case, we have

a parameter regime consisting of a single chaotic attractor.

It has a smooth basin. Such regime can be very useful in

cryptography using chaotic synchronization. In the same

Fig. 20 We plot the last 1000 values of (a) x1 and (b)x1 � x2 after 5 � 106 iterates (for the parameter values a ¼ 1:7, b ¼ 0:5 and �x ¼ �y ¼ 0:4)

as a function of coupling parameter d. We observe synchronization for 0:07� d� 0:93 as expected where ðx1 � x2Þ� 0
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context, we have also established the synchronization cri-

teria in doubly deformed maps. We have studied chaotic

synchronization. Chaotic synchronization is observed for a

range of coupling values. An analytic explanation for the

same is obtained.
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[29] D Angeli, J E Ferrell Jr and E D Sontag Proc. Nat. Acad. Sci.
101 7 1822 (2004)

[30] R M May Nature 269 5628 471 (1977)

[31] D Gupta and V V M S Chandramouli Pramana 95 4 175 (2021)

[32] V Patidar and K K Sud Commun. Nonlinear Sci. Numer. Simul.
14 3 827 (2009)
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