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Abstracts: Schiff bases are versatile organic compounds commonly synthesized through the condensation reaction between a
primary amine and an aldehyde or ketone. In the present work first coumarine was syntheses then the alkylation takes place and
the Schiff base was synthesized. The physical measurement and structural elucidation by spectrum like FT-IR and 1H-NMR, used
in this work.
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Introduction:

Schiff bases containing coumarin represent a fascinating class of organic compounds with diverse applications in
medicinal chemistry, materials science, and other fields. Coumarin, characterized by its unique aromatic structure fused with a
lactone moiety, is widely known for its various biological activities, including antioxidant, anti-inflammatory, antimicrobial, and
anticancer properties. Schiff bases incorporating coumarin moieties have attracted significant attention due to their enhanced
pharmacological properties and structural versatility. The synthesis of Schiff bases containing coumarin typically involves the
condensation reaction between a coumarin-derived aldehyde or ketone and a primary amine. This reaction yields a Schiff base
with a coumarin scaffold, offering a platform for the design and development of compounds with tailored properties for specific
applications.The incorporation of the coumarin moiety into Schiff bases imparts several advantages. Firstly, coumarin derivatives
are known to exhibit fluorescence properties, making Schiff bases containing coumarin useful probes for fluorescence-based
detection methods in biological and chemical sensing applications. Additionally, the presence of the coumarin scaffold can
modulate the physicochemical properties and biological activities of Schiff bases, potentially enhancing their efficacy as
therapeutic agents.

In medicinal chemistry, Schiff bases containing coumarin have shown promise as multifunctional agents with diverse
biological activities. For instance, they have been explored as potential anticancer agents due to their ability to inhibit tumor cell
proliferation and induce apoptosis. Moreover, their antioxidant and anti-inflammatory properties make them attractive candidates
for the treatment of various diseases associated with oxidative stress and inflammation.

Overall, Schiff bases containing coumarin represent a versatile class of compounds with promising applications in
various fields. Their unique combination of structural features, fluorescence properties, and biological activities makes them
valuable tools for research and potential candidates for the development of novel therapeutics, diagnostic tools, and functional
materials. Continued exploration of their chemical properties and biological functions is likely to uncover new opportunities for
innovation and application in diverse areas of science and technology. Their structural versatility and potential therapeutic benefits
continue to drive interest in exploring their biological activities and therapeutic potential.

EXPERIMENTAL

Solvents were employed as commercial anhydrous grade. The column chromatography was done over the silica gel (100-120
mesh). Melting points were determined in open capillary tube and are uncorrected. *H and 3C NMR spectra were recorded on
Bruker advance 11-400 MHz spectrometer. The molar conductivity measurements of complexes in (1 x 10-3 M) DMSO solution
were measured at 25 °C with a Bibby conduct meter.

Material and Methods:

All solvents were labouring as commercial anhydrous mark without further Refining. The column chromatography was carried
out over silica gel (100120esh). Melting points determined by open capillary tube. *H NMR spectra were recorded on a Bruker
400 MHz spectrometer in DCI3 solvent TMS as internal standard. The crude product was recrystallizing from 80 percentage
ethanol.
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Present Work:

In the present work, the aromatic substituted Schiff bases were synthesized by condensing substituted amine containing coumarine
moiety.

Step I: General Procedure for the synthesis of Schiff base:

The resorcinol (0.01 mole) and ethyl acetoacetate (0.01 mole) in round bottom flask containing 15ml ethanol and 3 ml of conc.
Sulphuric acid was reflux for 1.5 hour a solid were obtain which is further cool and recrystallize from ethanol.
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Scheme |
Step Il :

The mixture of Coumarine (0.01 mole) and Chloroacethyl chloride (0.01 mole) in round bottom flask containing 10 ml potassium
carbonate was stirred at room temperature for 1.5 hour. After completion of reaction (by TLC) the mixture was poured on ice cold
water and dried at room temperature.
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Scheme |1
Step IlI:

The compound 2 was heated with hydrazine hydrate in ethanol on a water bath for 1 hour to obtain 2-[4-Methyl-2-0x0-2H-
Croman-7-yl)oxy] acetohydrazide compound 3.

X, HaN—NH, o S
o o o o
3
Scheme 111
Step IV:

A mixture of alcohol (20 ml) and aromatic aldehyde (0.02 mol) was taken into a 100 ml round bottom flask. The mixture was
stirred until a homogeneous solution was obtained; comarine Contain primary amine group (0.02 mol) was added with stirring.
(As the reaction is exothermic it should be carried out by placing flask in a freezing mixture). Reaction mass is stirred for another
45 min. the Schiff base was precipitated out. The reaction mixture was cool with stirring. The isolated crude product is purified by
the washing in acetone.
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Scheme IV

Compound also purify by silica gel column chromatography eluent ethyl acetate hexane reaction was. Monitored by TLC & spot
were visualized in iodine.

Table 1. Synthesis of M1, M2 M3 & Mainterms of Yield and melting point

S.N.  Compound R1 R2 Rs3 R4 R5 M.P.’C) % Yield
1 Mz H H H Br H 276 80.58

2 M: H H H H I 280 82.05

3 Ms | H Cl H H 296 81.20

4 M3 H | H H OCHzs 258 70.25

5 Ms NO2 | H H OCHs 270 60.25
)My

FT-IR 660 cm for aromatic C-C stretching, 770 cm™ for aromatic C-I stretching, 1130 cm* for C-O stretching , 1620 cm* for
C=N stretching , 1690 cm™ for C=0 stretching 1350 for C=C stretching, 1190 cm-1 for C-N stretching, 3110 for N-H stretching.

NMR :
'H NMR (400 MHz, CDCls): 6 2.5 (s, 3H), 8 5.5 (s, 2H,), 8 6.6-7.6 (m, 9H), 5 8.0 (s, 1H NH), & 8.4(s, 1H).
2) M2

FT-IR, 670 cm™ 1for C-I stretching, 750 cm? for aromatic C-C stretching, 1150 cm™ for C-O stretching , 1070 cm-1 for C-N
stretching, 1560 cm™ for Ar C=C stretching, 1620 cm™ for C=0 stretching, 2960 cm™ = Ar C-H stretching 3190 for N-H
stretching.

IH NMR (400 MHz, CDCls): § 2.1 (s, 3H), § 5.5 (s, 2H.), 5 7.00-7.98 (m, 9H), & 8.53 (s, IH NH), & 8.12(s, 1H).
3) M3

FT-IR: 550 cm? for C-ClI stretching, 790 cm™ for aromatic C-C stretching, 1060 cm-1 for C-O stretching, 1190 cm™ for C-N
stretching , 1440 cm™ for Ar C=C stretching, 1670 cm™ for C=0O stretching,28100cm™ Ar C-H stretching, 3120 for N-H
stretching.

'H NMR (400 MHz, CDCls): §2.6 (S, 3H), § 5.0 (S, 2H,), § 6.20-7.98 (m, 9H), 5 8.55 (s, IH NH), & 8.20(s, 1H).
Antibacterial properties of the synthesized Schiff base metal complex [Zone of inhibition (mm)]

The in vitro antimicrobial activity of the investigated compounds was tested against the bacteria such as E. coli, S. aureus, by the
serial dilution method. The minimum inhibitory concentration (MIC) values of the compounds against the growth of
microorganisms are summarized in graph.

Antibacterial properties of the synthesized Schiff base metal complex
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Fig : Zone of inhibition of comp. Gz, Gss, Ges, and Ges against S. Aureus and E. Coli.

Result and Discussion

All the six Schiff base Congaing coumarine moiety i.e. compounds Mi, Mz, M3, Ma& Ms were successfully synthesized in
excellent yield and their structures are elucidated using elemental analysis, FTIR, & *HNMR spectroscopy. All the Synthesised
Compound will screed for their biological activity.
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ABSTRACT

We study coupled Gauss maps in one dimension with nearest-neighbor interactions. We observe transitions from spatiotemporal chaos
to period-3 states in a coarse-grained sense and synchronized period-3 states. Synchronized fixed points are frequently observed in one
dimension. However, synchronized periodic states are rare. The obvious reason is that it is very easy to create defects in one dimension. We
characterize all transitions using the following order parameter. Let x* be the fixed point of the map. The values above (below) x* are classified
as +1 (—1) spins. We expect all sites to return to the same band after three time steps for a coarse-grained periodic or three-period state. We
define the flip rate F(t) as the fraction of sites i such that s;(3t — 3) # s;(t). It is zero in the coarse-grained periodic state. This state may or
may not be synchronized. We observe three different transitions. (a) If different sites reach different bands, the transition is in the directed-
percolation universality class. (b) If all sites reach the same band, we find an Ising-type transition. (c) A synchronized period-3 state where
a new exponent is observed. We also study the finite-size scaling at critical points. The exponents obtained indicate that the synchronized
period-3 transition is in a new universality class.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0186541
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Dynamical phase transitions to an absorbing state in a spatially
extended system are a nonequilibrium phase transition. They
have been investigated from the phase transition viewpoint. A
transition to a synchronized fixed point is an obvious candidate
for an absorbing phase transition. It has a long-range order and
often falls in the directed percolation universality class. We inves-
tigate a transition to a period-3 synchronized state in a coupled
map lattice and show that it falls into different universality class.
Such states are unlikely in one dimension. However, it is realized
for weak coupling in coupled Gauss maps. We also observe a tran-
sition to an absorbing state with no long-range order. There is
a three band attractor, and different sites converge to different
bands at a given time. It is in the directed percolation universality
class. A transition to a synchronized state of a high period, which

has finitely many absorbing states, could show a departure from
known universality classes.

. INTRODUCTION

Non-equilibrium phase transitions occur in numerous situa-
tions. Of these transitions, the transition to an absorbing state is the
most studied. These absorbing state transitions can be first-order
or continuous. The continuous transitions are further classified
into universality classes. There are very few known universality
classes, such as directed percolation, the parity conservation class,
the voter class, the Manna class, etc.' Of these, the directed per-
colation (DP) universality class is the most widely observed one.
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Chaos

DP in particle systems was found in threshold transfer processes, the
Ziff-Gulari-Barshad model” and Domany-Kinzel automata.’ It has
been argued that all transitions from a fluctuating phase to a unique
absorbing state is in a DP class under the most conditions.”” The
conditions are (a) the transition is characterized by a non-negative
one-component order parameter, (b) the system has no special
attributes, such as unconventional symmetries, conservation laws,
or quenched randomness, (c) the transition is to a unique absorbing
state from a fluctuating active phase, and (d) couplings are short-
range. The exponents change if couplings are not short-range.’ The
question could be asked what happens if these prerequisites are
relaxed. The transition is found to be very robust under the relax-
ation of many conditions.” This universality class can be observed
even if the absorbing state is unique or has no long-range order
in space.”” We will present an example of a DP transition without
long-range spatial order or a unique absorbing state in this work.

The synchronization transition is a transition to an absorbing
state with long-range order. There are numerous instances of the
occurrence of a synchronization transition in nature and society. A
few examples of these are the synchronous flashing of fireflies and
the chirping of crickets. On lattices, these transitions are often found
to be in the DP universality class."” In this work, we show that even
for an absorbing state with long-range order, we may not observe the
DP universality class. On the other hand, we may observe it in sys-
tems, which can have infinite absorbing states in the thermodynamic
limit and no long-range order.

A short review of absorbing state transitions other than DP
may be in order. Apart from DP, a few other universality classes are
studied. The directed Ising class is observed in a system with Z, sym-
metry. It is observed in systems, such as nonequilibrium kinetic Ising
models,'"'? Grassberger’s A and B models,”"” branching and annihi-
lating random walks with two off-springs,'*~'° and the interacting
monomer-dimer model."” Another notable universality class is the
voter university class observed in several opinion formation models.
In one dimension, the voter class is the same as the compact-directed
percolation class and can be mapped to an equilibrium model.'
There has been a long debate on whether the pair contact process
with diffusion (PCPD) is a distinct universality class,'*'"” though it
is likely that for large sizes and times, the PCPD falls in a DP uni-
versality class.”” A new non-Markovian quantity called persistence
is defined in this context. The persistence exponent has also been
used to characterize these transitions. For example, coupled logistic
maps with feedback are studied with linear or nonlinear coupling for
different feedback times. Surprisingly, in this work, it was observed
that ten different systems fall into two different classes. The classes
depend on whether the system shows ferromagnetic or antiferro-
magnetic order at the transition.”’ One of the transitions observed
in this paper is also an Ising-type transition, though the microscopic
elements do not have Ising symmetry.

We work on a coupled map lattice model and focus on dynamic
phase transitions. These are defined in thermodynamic and asymp-
totic limits. Phases are defined by the asymptotic states of an infinite
system. We must mention that relatively fewer studies have been
carried out on models involving continuous variable values. The DP
universality class is observed in coupled circle maps*>*’ and piece-
wise linear maps.”* The transition in the logistic map with delay
(which can be mapped on a pseudospatiotemporal system) molds
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into the directed Ising universality class.”” For some maps, we can
observe transitions in the g = 3 Potts class in coupled map lattices.”
In coupled logistic maps, the transition to an anti-ferromagnetic
state is found to be in the Glauber-Ising class.” Studies in these
systems have taken place in higher dimensions too. A study of the
possibility of transitions in equilibrium and non-equilibrium classes
has been made in two dimensions. Miller and Huse proposed the
possibility of transitions in a coupled map lattice to the Ising class in
two dimensions.” It has been argued that the nature of the update
affects the universality class.”’~*' For example, it has been shown that
a certain coupled map lattice model is in DP class only when the
update is asynchronous.”

Apart from synchronization to fixed points, other types
of synchronization, such as phase synchronization,”” generalized
synchronization,” chaotic synchronization, etc., are studied in
the literature. However, there are not many studies from a phase
transition viewpoint. It is now well understood that chaotic syn-
chronization requires nonlocal coupling because it requires a gap in
the eigenvalue spectrum of the underlying connectivity matrix.” It
is not possible with short-range coupling in any dimension. Can we
have a periodic synchronized state in one dimension? Such states are
observed in a globally coupled map.’® However, we are not aware of
such a state in one dimension with random initial conditions in the
infinite lattice limit. The reason is simple. It is very easy to destroy
the order in one dimension.”” The domain walls do not have cur-
vature and need not shrink in time. Thus, such states are not easy
to realize in one dimension with random initial conditions and in
an infinite lattice limit. In this work, we provide one such instance.
We observe a synchronized period-3 state; i.e., the entire lattice goes
through a synchronized (P, Q,R) cycle and is in a synchronized P
(or Q or R) state after every three time steps. There are three such
asymptotic attracting states, and departures from DP universality
class are not ruled out. We indeed observe that this transition does
not fall in the DP universality class. We also observe a transition
to an unsynchronized state, which has a three-period in a coarse-
grained sense. Each site is not exactly periodic but returns to the
same band after three time steps. Infinitely, many such states are
possible in the thermodynamic limit. Interestingly, this transition
falls into the DP universality class. (If there are three bands, there
are 3N possible frozen configurations. Even if all of them are not
realized, they will grow with N and there are infinitely many pos-
sible configurations in the thermodynamic limit.) We use the same
order parameter for all transitions away from the states that have a
period 3 at least in a coarse-grained sense. For the transition in a DP
class, there are infinitely many absorbing states without long-range
order. On the other hand, we observe a new universality class when
there are finitely many (three) possible asymptotic states with long-
range order. When the entire lattice goes to a single band, we observe
an Ising-type transition. Thus, a rich variety of phase transitions are
observed in a single system.

Il. MODEL

The Gauss map is a one-dimensional map based on the Gaus-
sian function. (It should not be confused with the term “Gauss map”
used for a surface in differential geometry, and this map can be bet-
ter described as shifted Gaussian. However, we stick to this name
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FIG. 1. We plot Gauss map f(x) for v = 7.5and 8 = —0.44. The function f3(x)
is also plotted to show the possibility of period-3 in this map.

because it is widely used for this iterative map.) It is defined as
fx)=exp(—v¥’)+B, x€R, (1)

where v and 8 are map parameters. We fix the parameter v = 7.5
in our work. This function is a Gaussian shifted by g with vari-
ance proportional to 1/v. It is not a map of the interval and shows
phenomena, such as period-adding.”* Because the map is defined
over the entire real line, we can consider both positive and nega-
tive coupling for a coupled map lattice. We show the function and
its third iterate in Fig. 1 for 8 = —0.44. The fixed points of f*(x)
that do not match with the fixed points of f(x) represent period-3.
(The map rapidly goes to B for larger values of x, and hence, only
the relevant range is shown.) For this map, period-3 is observed for
—0.454 < B < —0.407. The bifurcation diagram of a single map is
shown in Fig. 2.

We define a coupled map lattice as follows. Consider a lattice of
length N. Let x;(t) be the variable at site i at time t. We assume peri-
odic boundary conditions; i.e., the last site is connected to the first
site. The evolution of x;(¢) at discrete time ¢ is given by the following
equation:

x(t+1) = (1— e)fix()) + %[f(x,»ﬂ(t)) Ffxa®)] @

where ¢ is the strength of diffusive coupling. In all simulations, x;(0)
are chosen from random initial conditions in a unit interval. For
& = 0, we restore the single uncoupled map. This is a purely local
coupling. We study the dynamics in the vicinity of the existence of
the period-3 state. For small couplings, we expect the period-3 state
to exist for a single map for both positive and negative coupling.
We refer to Fig. 1 again. It shows seven fixed points of the func-
tion £ (x), one of which is also a fixed point for f(x). The line y = x

pubs.aip.org/aip/cha
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FIG. 2. We plot a bifurcation diagram for a single Gauss map for v = 7.5. We
observe the range of dynamical behaviors from period 3 to a chaotic orbit.

is also shown as a reference. From Fig. 1, it is clear that the three
fixed points with a positive slope have a slope greater than 1 and
are, thus, unstable. There are three points with a negative slope. For
B = —0.44, it can be verified that they have a slope fixed greater than
—1 and are stable. One of these fixed points is above the fixed point
x* of f(x) and the other two are below it. Thus, the period 3 orbit is
expected to be below (above) x* after every three iterates.

The effective way to visualize the dynamics of the system is
the bifurcation diagram. We plot the bifurcation diagram of this
system. For N = 200 maps, variable values of all sites are shown
after t = 4990 time steps for the next 10 time steps. We plot x;(t)
for all sites as a function of S for the fixed coupling parameter ¢
for 4990 < t < 5000. The bifurcation diagram for both attractive
& = —0.03 and repulsive £ = 0.03 coupling parameters is shown in
Fig. 3. We find that there are four points at which the three-period
or a three-band attractor is lost, and we observe spatiotemporal
chaos. This work focuses on these transitions. We study them as
dynamic phase transitions and investigate their universality class
because transitions from three-band or three-period states are not
investigated to the best of our knowledge. A phase is defined only in
the asymptotic and thermodynamic limits. Thus, this investigation
demands systematic investigation of long-time properties of large
lattices.

As noted above, two of the three bands of the three-band state
or two of the periodic states of the three-period state are expected
to be below or above the fixed point. This observation motivates us
to identify the following order parameters for a three-band or three-
period attractor. Let x* be the fixed point of the Gauss map. (This is
a transcendental equation, and the fixed point is obtained numeri-
cally using the bisection method.) We associate the spin s;(#) = 1 for
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FIG. 3. We plot a bifurcation diagram for a coupled Gauss map for v = 7.5. We
consider N = 200 and simulate it for t = 5 x 10° and plot the last ten time steps.
(a) For e = —0.03. (b) For ¢ = 0.03. In this figure and all other figures, we start
with uniform random initial conditions in a unit interval [0:1]. (Choosing a uniform
initial condition between [—0.5:0.5] does not change the resullts.)
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x;(t) > x* and 5;(f) = —1 for x;(f) < x*. If the period is 3, we expect
si(3t + 3) = s;(31). Any departure from the periodic state will lead
to s;(3t + 3) # s;(3t). We define flip rate F(t) as a fraction of sites i
for which s;(3t) # s;(3t — 3). In other words, fraction of sites i such
that s;(3t — 3) # s;(3t). F(t) = %, Zil [si(3f) — s;(3t — 3)|. The flip
rate is zero for the periodic (or periodic in the coarse-grained sense)
state and is nonzero otherwise. If all the sites with value x < x*
stay below x* after three iterates and all the sites with value x > x*
stay above x* after three iterates, the flip rate will be zero at that
time. We fix the value of ¢ and find the value of a below which
the flip rate goes to zero asymptotically. We would like to explore
whether this order parameter that can shed light on changes in the
structural properties of dynamics is affected by changing the control
parameter.

Apart from the flip rate, another quantity we study at these crit-
ical points is persistence. It is the probability that the local value of a
fluctuating nonequilibrium field does not change its sign until time
="' In the context of spin systems, the persistence P(f) at time ¢
is the fraction of spins that did not change their initial spin state
even once until the given time.”” We use modulo-3 time and define
that a site i is persistent until time t if 5;(3t') = 5;(0) for all ¥ < t.
Nonzero persistence implies that at least a part of the system retains
the memory of its initial conditions until that time. This is a non-
Markovian quantity. It may exhibit a power-law decay at the critical
point; the decay exponent can be said to be the persistence exponent.
If P(t) ~ t7% at the critical point, 6 is called the persistence expo-
nent. Persistence exponents belong to a novel class of exponents,
which are different from the commonly observed critical exponents.
In our work, we study the behavior of persistence with time for
critical points at which there is a transition to a coarse-grained or
synchronized period-three state.

We observe two transitions to spatiotemporal chaos from the
three-band state for ¢ = —0.03. These are labeled as A and B in the
bifurcation diagram. We observe two transitions, one to a three-
band state and the other one to a three-period state for ¢ = 0.03
as well. They are labeled as C and D in the bifurcation diagram
for positive coupling. These four transitions fall into three different
classes. The spatial profile at the transition points gives an idea of
possible long-range order at the transition point. Only in one case,
do we observe exact synchronization (Point D). In another case, we
observe band synchronization (Point A). We could say that all sites
are in the same band. However, in two of the cases, we observe that
different sites approach different bands (Points B and C). This sys-
tem converges to a state without any long-range spatial order (exact
or coarse-grained) in space. (It still has a coarse-grained periodicity
of period-3.)

For point A, where a single band is observed, the spatiotem-
poral dynamics are shown in Fig. 4. The three bands diffuse and
annihilate, and we observe a single band asymptotically. Thus, there
is a coarse-grained long-range order.

For points B and C, the sites reach a band-periodic state with
period 3. However, different sites reach different asymptotically.
Thus, there is no long-range order. However, the differential of
the current spin values s;(3f) with the spin value three-time steps
before; i.e., 5;(3t — 3) reaches zero. We plot defects for which s;(3t)
# 5;(3t —3) as a function of time before the absorbing state
is reached. We observe that the defects spread in a cone and
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FIG. 5. Space-time plots for close to different transition points for points. The time is modulo-3. For Point B (¢ = —0.03, 8 = —0.370117) and point C (¢ = 0.03,
B = —0.589 166 7), we observe a band-periodic state where periodicity is 3 in time with no long-range order in space. For point D (¢ = 0.03, 8 = —0.4316), we see
a clear synchronization of all sites to a period-3 state. If x;(3t — 3) < x* and x;(3f) > x* or x;(3t — 3) < x* and x;(3t) > xx, we have defect at site i at time {. The defects
are represented by black dots. (a) We show an asymptotic color-coded heat map at B. Different sites converge to different bands. (b) Defect dynamics at B is similar to
directed percolation. (c) The asymptotic heat map at C shows the same feature. (d) Defect dynamics at C is also similar to directed percolation. (e) The asymptotic heat map
at D shows clear synchronization of all sites to a period-3 state. (f) Defect dynamics at D shows drifting and merging defects, which is very different dynamics than those
observed at B and C.
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FIG. 4. Space-time plot for ¢ = —0.03, 8 = —0.4607 close to transition point
A (e = —0.03, B = —0.4606). The time is modulo-3. We observe that all sites
reach the same band asymptotically at A.

annihilate. The asymptotic spatiotemporal states as well as initial
defect dynamics are shown in Fig. 5.

At D, the sites get synchronized and show a period-3 state. The
defects show some preferred direction and drift. They annihilate on
the meeting (see Fig. 5).

The asymptotic spatial profile at critical points A, B, C, and D
is shown in Fig. 6. The differences in the nature of the transitions are
clear from the asymptotic spatial profile. We note that it is not clear
from the bifurcation diagram alone.

Interestingly, all these transitions are continuous. We study the
behavior of the order parameter defined above in all four cases. In all
cases, the flip rate F(f) approaches zero as a power-law at the critical
point. For the transitions A, B, C, and D, we find that F(t) ~ %4,
F(t) ~ t7%8, F(t) ~ t7°¢, and F(¢) ~ t7%P at the transition points A,
B, C, and D. For transitions B and C leading to a state where differ-
ent sites approach different bands, we find that the critical exponent
8 = 8¢ ~ 0.16 indicating a directed percolation universality class.
For transition A, we observe §4 = 0.5, which is like the Ising class.
However, for transition D, we obtain a new exponent §p ~ 0.82,
which is not observed before [see Fig. 7(a)-7(d)].

In Fig. 7(b), we have plotted the evolution of the order parame-
ter as a function of time for the critical point B. This is an absorbing
state in a coarse-grained sense. The critical exponent obtained &5
= 0.16 is close to the exponent 0.1585 observed for 1-d directed
percolation. We note that such a transition to a fully absorbing
state in the coarse-grained sense at all times (modulo-2) has been
noted previously.® This is yet another example showing that absorb-
ing states without long-range order can show a directed percolation
transition with appropriate modification in the definition of the
order parameter. This state is not unique, and an infinite number
of possible states are possible in the thermodynamic limit. Each site
can be in three possible bands and the number of possible absorb-
ing states is 3". Even if all of them are not realized, the number
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will grow with size and there are infinite absorbing states in the
thermodynamic limit. This shows the robustness of a directed per-
colation transition even after dropping the prerequisite of a unique
absorbing state.

The same transition to a band-state is observed at critical point
C, and we obtain an exponent close to the exponent obtained for
directed percolation. In Fig. 7(c), we have shown F(#) as a function
of time at critical point C. We find that F() ~ t~%¢ with 8¢ = 0.16,
which is close to the expected value for 1-d directed percolation.

Now, we consider the transition where all sites do not get syn-
chronized but reach the same band. In Fig. 7(a), we have shown F(¢)
as a function of time at critical point A. We find that F(¢) ~ %4
with 8, = 0.5. The exponent is close to the Ising transition in 1d.
This is surprising because the system does not have two states linked
by symmetry. It does not have Ising symmetry or Z, symmetry. It
has three absorbing states in a coarse-grained sense.

Finally, we consider the most interesting case of a transition
to a fully synchronized state with period 3. So far, an exactly syn-
chronized state (apart from a synchronized fixed point) has not been
obtained in coupled map lattice to the best of our knowledge. There
are three possible absorbing states, which differ in phase. If (P, Q, R)
is a three-period orbit, all sites could be synchronized to P or Q or R
at times modulo-3. The flip rate F(¢) is plotted as a function of ¢ at
critical point D [Fig. 7(d)]. We observe F(t) ~ ¢t°0 with §p = 0.82,
which is a new exponent signaling a new universality class. Thus,
though the directed percolation universality class is recovered when
there are infinite possible absorbing states, there is a departure from
known universality classes when there are three possible absorbing
states.

For further characterization of the transitions, we carry out
finite-size scaling at the critical points. We simulate the system at
different sizes N at the critical point and a scaling collapse is expected
if we plot the scaled order parameter F(f)N* as a function of scaled
time ¢/N* for N = 50, 100, 200, 400, 800, and 1600. An excellent
scaling collapse is observed for a transition at the critical point B for
z=1.59and § = 85 = 0.16 (see Fig. 8). This value of z is close to the
expected value of 1.58 for a DP transition. The transition at the criti-
cal point C is similar to the point B, and we expect the same dynamic
exponent there.

For critical point D, the power law is followed by a cusp at any
finite size. This is followed by sharp decay. The location of the cusp
goes like 1/N. However, the time taken for complete decay of F(f)
scales like 1/N?. Hence, we obtain an excellent scaling collapse by
plotting F()N*P as a function of t/N* for N = 50, 100, 200, 400,
and 800 for §p = 0.82 and z = 2, which captures the latter behavior
(see Fig. 9).

Now, we study the persistence exponent at these critical points.
At point A, we do not observe a well-defined persistence exponent.
However, at points B, C, and D, we find that P(t) ~ t7%, P(t) ~ t~%,
and P(t) ~ 7P, respectively. In Fig. 10, we plot P(¥) as a function of
tat points B and C. At points B and C, we obtain 63 = 6 = 1.5. This
exponent matches the exponent observed in several models with a
1D DP transition.”** We observe a well-defined persistence at D as
well with 6, = 1.1. Thus, we expect P(t)#? to approach a constant
asymptotically. This is what we observe in Fig. 11.

To investigate how generic the transition at D is, we inves-
tigate it at other values of . We find that the same transition
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FIG. 6. Typical asymptotic spatial profile at A, B, C, and D is shown in (a)~(d). We plot x;(t) as a function of i for t = 8.25 x 10°. We find that all sites are in the same band
at A showing a coarse-grained long-range order. At B and C, there is no long-range order, though the site returns to the same band after three time steps. Different sites are
in different bands. At D, we observe a synchronized period 3 state, and the lattice is synchronized and periodic with period 3. In (d), the y axis has range [-.4:-.3] for visibility.
The sites are synchronized.

is observed for ¢ =0.01, ¢ =0.02, and ¢ =0.04 apart from 11l. RESULTS AND CONCLUSIONS
& = 0.03. (Of course, the critical value of g8 is different.). The

. . : We have studied various transitions from a three-period or
flip rate decays with the exponent close to 0.82 in all these cases

_ three-band state in coupled Gauss maps. We define the order
(see Fig. 12). parameter flip rate, which is zero if all the sites are stuck in the same
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FIG. 7. We plot the order parameter F(t) as a function of time t at different critical points. We simulate for N = 2 x 10° and average for 100 configurations. We take the

number of time steps t = 5 x 10° for (a), (b), and (c), while we take t = 107 in the case of (d). (a) For the critical point A (8,
power law decay with exponent 54 = 0.5. (b) For the critical point B (3,
power law decay with the same exponent §¢ = 0.16 for the critical point C (B,

for the critical point D (8, = —0.4316 and ¢ = 0.03).

—0.4606 and ¢ = —0.03), we observe a
—0.370117 and ¢ = —0.03), we get a power law decay with exponent 55 = 0.16. (c) We see a
—0.589166 7 and ¢ = 0.03). (d) We obtain a power law decay with exponent §p = 0.82
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FIG. 8. We plot F(t)N?s as a function of t/N? where z = 1.59 and 8z = 0.16 at
the critical point B. We carry out simulations for N = 50, 100, 200, 400, 800, and
1600 sites. We average for 1600 configurations. Time steps range from 5 x 10°
to 3 x 108 for different sizes considered.
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FIG.9. We plot F(t)N*0 as a function of t/N? where z=2 and §p = 0.82 at point
D (B, = —0.4316, & = 0.03). Simulation is done for N = 50, 100, 200, 400,
and 800 sites. We average over 2000, 10 000, 500, 350, and 325 configurations,
respectively. Time steps range from 5 x 10° to 3 x 108 for different sizes.
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FIG. 10. We plot persistence P(f) as a function of time ¢ at the critical points:
B: = —0.370117 having ¢ = —0.03 and B, = —0.589 1667 with ¢ = 0.03.
We take 2 x 10° sites and average over 500 configurations for 10° time steps.
We observe a power law decay with exponent 65 = 6c = 1.5. The curves are
multiplied by arbitrary constants for better visibility.
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FIG. 11. We plot P(t)t’> as a function of t where 6 = 1.1. We simulate for 10°
sites and average over 25 configurations and N = 2 x 10°. The curve reaches a
constant asymptotically.
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FIG. 12. We plot the order parameter F(t)t* as a function of time t at the critical
points for which synchronized period-3 state is observed for different values of
&. We choose § = 0.81 for ¢ = 0.01 and & = 0.02. We choose § = 0.80 for
& = 0.04. We average over 25 configurations. This quantity reaches a constant
asymptotically. This exponent is close to 0.82 observed at point D for ¢ = 0.03.
The curves are multiplied by arbitrary constants for better visibility.

band (or value) after every three-time step, and it is nonzero if at
least some of the sites do not show this behavior. This order param-
eter shows clear power-law behavior at the critical points. This helps
us to decide the corresponding universality class. We also carry out
finite-size scaling to find the dynamic exponent z. Even persistence
shows clear power-law behavior at three critical points and a well-
defined persistence exponent is observed at these points. We observe
three different possibilities: (a) Different sites get stuck in different
bands forever leading to a spatially inhomogeneous state, which is
frozen in time in a coarse-grained sense. This transition is in the
directed percolation universality class. The exponents §, z and even
persistence exponent § match with the expected values for the DP
class. (b) All sites converge to the same band. This shows an Ising-
type exponent at the critical point. (c) All sites get synchronized and
are in period 3. This transition has not been observed before. It is
an interesting transition because it is very easy to create defects in a
1D lattice. Hence, a synchronized periodic state is not expected. The
exponent § is 0.82. We also find a well-defined persistence expo-
nent at this point. These exponents obtained using the same order
parameters are different and point to a new universality class.

For very tiny coupling, it is conceivable to see a synchronized
periodic state with period T + 1. If the universality class changes
with T in this instance, this is interesting to note. Another curios-
ity could be whether one can observe comparable dynamics with
stochastic cellular automata models. In such a model, every site can
have clock-type dynamics along with some nearest-neighbor inter-
action. At every time, the site is updated, and if it is in state k, it goes
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to a k + 1 state. The state T' + 1 is equivalent to state 0. Such models
are introduced in the context of epidemic spread.” In this model,
there is interaction with neighbors only if the agent is in state 0 and
there is a need to suitably modify it so that periodic states exist. It
would be interesting to see if the universality class depends on T'in
such a case.
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ABSTRACT

We study the persistence in the microscopic theory of glass transition based on the kinetic Ising model
with cooperative spin flip rates. We consider spin models that are standard Ising ferromagnetic ones (and not the
ones used for modelling spin glasses). However, they have spin flip rules which have very cooperative spin flip rates.
We perform a graphical analysis to study the persistence of spins. We also observe the glass transition. Local
persistence shows stretched exponential behavior in time in the glassy phase.

Introduction

The relaxation period for structural rearrangements sharply increases when liquids
are cooled down enough. If significant cooling rates prevent crystallization, the majority of
supercool liquids transition into a metastable glassy state. Glass transition is experimentally
characterized using relaxation periods of a few minutes or hours, which correspond to
viscosities of roughly 10% poise. The freezing in of the translational degrees of freedom
causes a steady decrease in several thermodynamic parameters at this transition
temperature T, including compressibility, specific heat, and thermal expansion. This is the
so-called glass transformation range, where the length of the tests determines different
observed quantities [1].

The study of the following problem—which of the stated stages of aggregation can
glasses be assigned to—was one of the first topics explored with the start of a scientific
investigation into glasses. On the one hand, experimental data showed that glasses had a
defined form, a nearly limitless viscosity, and mechanical properties of solids. Nonetheless,
glasses also exhibit classic liquid characteristics, such as their isotropy and amorphous
structure, which refer to the lack of long-range topological and orientational organisation.

Gases are far smaller in free volume and have a much lower density than liquids. As
such, it is not possible to translate the liquid's building blocks independently. In liquids and
melts, molecular motion takes on a cooperative nature, and the interactions between the
particles greatly influence the system's characteristics [2].

One of the most significant thermophysical characteristics of amorphous polymers is
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the glass transition temperature (T,). This temperature is sometimes referred to as the "melting point of amorphous
materials," and although this term may not sound scientific, it accurately describes the glass transition: polymeric
materials are soft and rubbery in the highly viscous region above the T,, whereas they are hard and brittle below it.
However, there is a crucial distinction between glass transition and melting: melting represents a true first-order phase
transition, whereas glassification (vitrification) is only a pseudo-second-order transition. In other words, while melting
produces a discontinuity in the first derivative of the Gibbs free energy (volume, entropy), glassification only causes a
(pseudo) discontinuity in the second derivative (e.g. heat capacity, expansion coefficient, etc.).

The glass transition is a complex process that is controlled by a number of parameters, including heating rate,
ageing history, morphology, and molecular weight. In truth, the actual nature of the glass transition is not widely
understood. Over time, a number of theories have been proposed to explain the glass transition. Kinetic and equilibrium
theories can be used to categorise the theories. The glass transition is viewed as a dynamic process in the kinetic
theories. The process of "freezing" the motions of chain segments (kinetic units) results in vitrification or glassification.
The initial (solid-state) transition starts at extremely low temperatures, at which point side chain motions and localised
bond bending and stretching can happen. This is referred to as the T, gamma transition. The material begins to acquire
some toughness as the temperature rises and other localised motions involving whole side chain and localised group
movements become active. The beta transition (T,) is the name given to this change. T, is reached while the heating
continues. Large-scale coordinated motions of the polymer chains take place in this area, and a noticeable shift in
characteristics is seen [3].

Leutheusser created a microscopic model of the hard-sphere fluid's glass transition. He developed a
straightforward non-linear solution for the time evolution of the density correlation function that forecasts a glass transition
by roughly analysing mode coupling equations. A highly cooperative spin-flip rate kinetic ising model is the foundation of
the glass transition microscopic theory. Through graphical analysis, one can derive conclusions for the spin systems that
closely resemble Leutheusser's findings for hard spheres. This observation might represent the addition of a universality
aspect for the glass transition [4].

2. The lsing Model:

The physics of phase transitions, which happen when a slight change in a parameter like temperature or pressure
results in a large-scale, qualitative change in a system's state, is the focus of the Ising model. Phase transitions are a
widespread occurrence in everyday life and physics. "Spontaneous magnetization" is a characteristic of ferromagnetism.

The Ising model is intended to describe how short-range interactions, for example, between molecules in a
crystal, resultin long-range, correlative behaviour and, in a way, to forecast the possibility of a phase transition. The Ising
model has also been used to solve issues in molecular biology, chemistry, and other fields that study the "cooperative"
behaviour of complex systems.

Assigning an independent variable o, to every lattice site i = 1,..., N is the first thing we do. There are only two
potential values for the o, variables; o, = +1 or -1, which we will refer to as the lattice site's two conceivable states. As we
will explain below, this reflects the physical premise that there are only two possible outcomes at each lattice site: up or
down or occupied or vacant. A system configuration is the assignment of values (o,, 0,,..., 0,) to every lattice site. Asum
across all conceivable configurations will be a crucial component of the Ising model. If N is even somewhat large, this sum
obviously has a huge number of terms because there are 2" configurations. One such configuration for 2-dimensional
lattice is shown in Fig. 1. One should never even consider performing a numerical computation for a macroscopic crystal
with N!

After that, we create the system's Hamiltonian. The total energy of a system is known as the Hamiltonian in
mathematical physics, and it controls motion. The ideal and seemingly extremely severe assumption that only short-
range, "nearest-neighbor" interactions and interactions between the lattice sites and an "external field" contribute to the
system's energy level is the basis for the definition of the Hamiltonian for the Ising model. For each configuration o = (o,,
0,,..., Oy)We have,
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H=H(c) = — Z E(o;.0;) — Z]oi

<i,j>

where the first sum is over all pairs of the lattice's nearest neighbours and the second sum is over all lattice sites. E and J
are the parameters in this equation. For nearest-neighbor interactions and interactions with the external field,
respectively, the parameters E and J stand for the "energies" involved. A ferromagnet has an energy level that is lower
than a non-magnetized configuration because a "magnetised" configuration (where the majority of nearest-neighbor
pairings have parallel moments,o= o,) has a positive E. When an "external magnetic field" (represented by the
parameter J) is present, the magnetic moments will seek to align with the field's direction, once more "favouring”
configurations with shorter energy levels [5].

Fig. 1: The Ising model applied to a two-dimensional square lattice. Every arrow is a "spin," a magnetic moment that might
point upward or downward.

3. The Model:

A master equation that satisfies the concept of detailed balance and permits only one spin to change state in a
differential time increment dt (i.e., a single flip model) is used to characterise the dynamics of the spin system. Potential
cooperative relaxation models include a family of facilitated kinetic ising models.

Here, an extremely cooperative spin-flip rate kinetic Ising model-based microscopic theory of the glass transition
is presented. An n-spin facilitated model is defined as one for which the flip rate of the j spin is nonzero only if n or more
near neighbors of spin j are in the spin-up state in spin configuration [4]. In this case, we study a variant of the
Fredrickson-Andersen model in which we use the following update rule.

a) Choose a site randomly on the lattice.

b) If none of the neighbors is 'up' spin, the spin at this site is not changed.

c) Ifthe site has atleast one 'up' neighbor, and the site itself has an 'up' spin, itis flipped. If the site has at least one 'up’
neighbor and the site itself has a 'down' spin, itis flipped with probability p.

We have run simulations for this model with different values of p. The state that all spins "down" is the absorbing
state for any value of p. Spins for p=0 will occasionally be "down." This isn't guaranteed for higher values of p.

We have looked into this system's short-time dynamics and memory retention. Itis common to observe extended
exponential dynamics in glassy systems. For lesser values of p, the dynamics should be exceedingly sluggish. This will
show up as autocorrelation with starting conditions. We have examined the likelihood that the initial conditions will be
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precisely maintained, or persistence, a stronger quantifier. This quantifier has recently been the subject of multiple
investigations.

In our study, we simulate the system on 50,000 sites for 1,00,000-time steps and averaged over 25,000
configurations. The figures we plot are those of logarithm of persistence versus time. The graphs are plotted for different
values of probability p and the exponent B. We take the value of p=0.1 onwards in steps of 0.1 and the corresponding
value of B. We note that the value of 3 increases with p every time but never becomes 1. The nature of the graph is
depicted by a stretched exponential function.

4. Persistence:

A concept presented in the field of statistical physics is persistence, which is a generalization of first passage
time. The fraction of spins in a spin system that has not altered their original spin state at all until a specific period is
known as (local) persistence in spin systems. Non-zero persistence therefore suggests that the system preserves the
initial conditions indefinitely. Nonzero persistence indicates that the system keeps track of its starting conditions
indefinitely, as can be seen from the definition. The decay exponent is referred to as the persistence exponent when the
persistence exhibits power-law decay at the critical point. A novel class of exponents, distinct from the typical critical
exponents, is discovered - persistence exponents. This is a non-Markovian quantity and we need to know time
correlations of arbitrary order to compute persistence. The exponents are found to be nontrivial even in the simplest of
cases|[6].

We set a parameter b to be the degree of asymmetry of the kinetic constraints. The limiting value of b for the
Fredrickson-Andersen (FA) model is b=1/2 [4]. The value of b=0 or 1 corresponds to the asymmetrically constrained

ising chain (ACIC) model [7]. The stretched exponential is thus obtained as P(t)e(-t/T_ACIC)[3

where B=(1+1/T In2)". Here tis the time, T stands for temperature and T corresponds to the equilibrium relaxation time.
For short times the persistence is dominated by the fastest exponential decay. Itis possible to approximate the long-term
behavior by substituting an integral evaluated in the saddle point approximation for the sum of the values [8]. Menon,
Sinha, and Ray have extended this definition to CML. They suggested that the initial variable value of a site should be
represented by + spin if itis more than the fixed point and - spin ifitis less than the fixed point. It is now possible to specify
the persistence in a way that is similar to spin systems. They defined this in the context of coupled circle maps
transitioning to an absorbing fixed-point state. [6].

5.Results:

We work on 1d array of size 50,000 simulated for 1,00,000 time steps on 25,000 configurations. We plot the
graphs of the logarithm of persistence versus time considering the values of p and 8. In Figs. 2-10, we show persistence
P(t) as a function of t* on semilogarithmic scale for p=0.1 to 0.9. The straight line indicates that the behavior is well
described by the stretched exponential function. Following are the plots of 'persistence vs time'. (Abbreviations:
Probability-p, exponent- )

p 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
B 0.4 0.5 057 | 059 | 0615 | 0.625 | 0.650 | 0.715 | 0.760
(Fig.2) | (Fig.3) | (Fig4) | (Fig.5) | (Fig.6) | (Fig.7) | (Fig.8) | (Fig.9) | (Fig.10)

Table 1: Probabilities (p), the respective exponents () and figure numbers of the graphs .
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6. Discussion:

Fredrickson and Andersen introduced the kinetic ising model of glass transition [4]. In our work, we make a study
of the existence of persistence in this model and observe the characteristics. Our function consists of a Hamiltonian that
comprises the sum over all pairs of the lattice's nearest neighbours along with the sum over all lattice sites We get a
stretched exponential function by inserting a fractional power law into the function. Studies in higher dimensions could be
of interest. For every value of the probability (p), we get a corresponding exponent (B). In some cases, saturation can
also be seen at the tail. The stretched exponent B lies between 0 and 1. It increases with probability. Thus, the
persistence of the ising spins (how long the spins remain + (up)) shows stretched exponential behavior in glass
transition.
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Abstract: Dynamics, bifurcations, strange attractors, and related nonlinear phenomena have been investigated in
numerous one and two-dimensional maps. The maps could be smooth, non-differentiable, or even discontinuous. Various
deformations of these systems could yield valuable insight into the dynamics of these maps. The quantum deformation or
g-deformation of nonlinear maps has been investigated recently in this context. It leads to large excursions in the phase
space, and the nature of attractors is very different from those usually observed. We investigate the q-deformed Lozi map.
The g-deformation of either variable or both variables is studied from the viewpoint of bifurcations, possible multistability,
and the nature of attractors. A rich structure of basins of coexisting attractors for various strengths of q-deformation is
investigated. The initial conditions that lead to unbounded trajectories in the absence of gq-deformation may get confined for
slight g-deformation. Chaotic synchronization of two coupled g-deformed Lozi maps is observed, and an analytic criterion

has been given for the same.

Keywords: Lozi map; g-Deformation; Discrete nonlinear maps; Strange attractor; Multistability; Coexisting orbits

1. Introduction

Discrete dynamical systems, popularly known as maps,
have been an indispensable and important tool in the study
of dynamical systems. Different dynamical systems
demonstrate different physical phenomena. Dynamics in
two dimensions is obviously richer than dynamics in one
dimension. The Hénon map is probably the oldest and most
studied two-dimensional map. It was introduced as a
Poincare map for Lorenz system [1]. A more analytically
tractable version of the same was proposed by Lozi, in a
brief remark in 1978 [2]. It replaces the quadratic term in
Hénon map with a piecewise linear term. It enables the
rigorous demonstration of the chaotic nature of particular
attractors [3] and a thorough examination of their basins of
attraction [4]. Bifurcations in the Lozi map have been
studied by Bottella-Soler and coworkers. They explored a

Pratik M. Gaiki, Priyanka D. Bhoyar and Divya D. Joshi have
contributed equally to this work.

*Corresponding author, E-mail: pribhoyar@gmail.com

Published online: 16 March 2024

particular bifurcation where there is a presence of contin-
uum of neutrally stable cycles in one-dimensional maps,
when the function becomes collinear with the identity map.
[5]. Lozi map has been extremely popular and well
investigated since its formulation. It continues to spark
interest and investigations. Elhadj argued that “It seems
that Lozi mapping bridges the gap between Axiom A
systems and more complicated systems like the Hénon map
called quasi-attractors”. It is a hyperbolic system and is
more tractable [6]. Notable difference with Hénon map is
that it does not show a period-doubling sequence and a
chaotic attractor is created via border collision. Piecewise
linear maps have applications in several real-life systems,
and the Lozi map is one of its earliest examples [7].
Chaotic maps have numerous applications, such as
cryptography and secure communications using synchro-
nization. Maps showing robust chaos, such as the Lozi map
are very useful in this context [8]. Control and synchro-
nization schemes have been demonstrated using the Lozi
map. In game theory as well as in evolutionary algorithms,
random switching between strategies or variation operators

© 2024 TACS
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has been replaced by chaotic switching. Such algorithms
and their effects are investigated using the Lozi map. (A
compilation of these applications can be found in a com-
prehensive book [6].) In a remarkable result, the piecewise
linear nature of this map enabled mathematicians to
establish the rigorous demonstration of the chaotic nature
of attractors [3]. Several properties that limits the chaotic
properties of the case of conservative map (|b| = 1) such as
the domain of existence of the strange attractor, fixed
points, invariant manifolds, and the basin of attraction are
studied [9]. Of late, fractional variants and complex frac-
tional variants of the Lozi map have been studied [10].

The Lozi map is piecewise linear. The mathematical
nature of the functions has a profound influence on the
dynamics they could display. Quadratic maps, cubic maps,
maps on circles, and piecewise linear maps display dif-
ferent phenomena and bifurcations and could be useful in
different contexts. The circle map shows Arnold tongues
[11, 12]. The Gaussian map or other maps with long tails
show period-adding cascades [13]. Piecewise linear maps
show border collision bifurcations [14]. For the Lozi map,
non-hyperbolicity plays an important role in determining
the nature of possible bifurcations [15].

This work deals with the q-deformation of such a map.
The underlying map is a rational function for such defor-
mation and has singularities. The dynamics of maps with
singularities have not been studied much. Therefore, we
study g-deformation in two dimensions.

One more deformation of the Lozi map has been studied
previously. Aharonov et al studied a variant of the Lozi

map where |x| is replaced by v/x2 +e. For very small
deformation € = 0.01, they observe a chaotic region with
several hexagonal islands [16]. The orbit of a single point
has a chaotic trajectory where 13 hexagonal islands are
excluded. Thus deformation can lead to several new phe-
nomena. In this context, the gq-deformation of maps could
be of interest. In our case, the rational functions can have
simple zeros in the denominator and dynamics can show a
blow-up in the vicinity of these zeros. However, there can
be a folding because a large value in the denominator leads
to a small value. Hence, the overall system can stay
bounded. It will become apparent in the subsequent dis-
cussion that g-deformation introduces such singularities.
Sometimes its strength can be controlled as well. It can
help us to carry out a systematic study of bifurcation
structure in the presence of singularities.

We use the definition of g-deformation of numbers
given by Jagannathan and Sinha [17]. Historically, the g-
deformation has been studied in the context of quantum
groups [18]. It is found to be useful in the study of quantum
Yang-Baxter equations, quantum inverse scattering meth-
ods [19] and even statistical physics [20]. Any quantity (i.e.

numbers, series, functions, etc.) could be studied by
introducing an additional parameter g into the definition of
the quantity such that under ¢ — 1, we recover the original
quantity. The generalization of a mathematical quantity,
operator, or function need not be unique [21]. For instance,
there exist several definitions of fractional derivatives, and
at least three independent definitions have been pursued
actively. Similarly, g-deformation could be defined in
several ways. For example, the g-exponential function has
been defined in couple of ways [22]. The g-analogues of
constants ¢ and m have been defined. Similarly, g-loga-
rithms [23], g-Gaussian [24], g-factorials and g-binomial
coefficients [25, 26] are defined. These functions are useful
in combinatorics. Particularly, q-Gaussian is useful in sta-
tistical physics [20].

In this work, we study the g-deformation of numbers
that leads to g-deformation of functions. Sinha and
Jagannathan derived a q-deformation of integers based on a
comparison between an exponential and its g-deformation
[17]. They extended it to a real number. Furthermore, they
used it to study nonlinear maps. The first study has been on
the logistic map which is the most popular nonlinear map.
There are numerous differences in the bifurcation diagram,
including the absence of a complete period-doubling cas-
cade. Logistic map shows multistability which is rare in
one-dimensional maps. Multistability is the coexistence of
several qualitatively different states. It can be reached
asymptotically for a given set of parameters. Dynamics is
not ergodic. The long-term dynamics of an attractor in a
system depend upon the initial state. The study of the basin
of the attractor can reveal the complex nature of underlying
multistability. The phenomenon of multistability is
encountered in nature as well as artificial systems such as
optical systems [27] and semiconductor materials [28].
Several biological systems show functional flexibility in
reacting to the external stimulus [29]. The coexisting spe-
cies in an ecosystem possess several alternative dynamical
states [30]. Gupta and Chandrmouli studied the g-defor-
mation of the logistic map using deformation on the right
as well as the left-hand side [31]. It does not display any
qualitatively different behavior. It shows a period-doubling
cascade independent of the deformation parameter. Later,
Patidar and Sud studied Gaussian maps. This map has
coexisting attractors even without the g-deformation (This
is unique in one-dimensional maps). The g-deformed map
exhibits coexisting attractors as well [32]. Canovas and
Munoz-Guillermo studied the g-deformed Gaussian maps
in further detail and investigated the topological entropy in
these maps [33]. Using the sign of Schwazian derivative
and the topological entropy, they carried out extensive
studies in dynamics [34]. In 2-dimensional maps, Patidar,
Purohit, and Sud studied g-deformed Hénon map. They
demonstrated that chaos suppresses if the values of
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g-deformation are chosen appropriately [35]. The g-de-
formation of the Tinkerbell map is studied by Iyengar and
Balakrishnan. They observed several regions of chaos
among the periodic windows [36]. They also studied its
application to the encryption and decryption of messages.

2. The q-deformed Lozi map

In this work, we study the dynamical behavior of the Lozi
map subjected to g-deformation. A Lozi map is a two-
dimensional piecewise-linear map. The canonical form is
as follows:

-4 -2 0 2 4
Xp
(a)

Fig. 1 (a) Shows the basin of an attractor for an non-deformed Lozi
map. The initial conditions in the red part blow up to infinity. The rest
of the initial conditions lead to a chaotic attractor. (b) Shows the basin
of an attractor for a g-deformed Lozi map with deformation value
€, = 0.01 and €, = 0.01. None of the initial conditions blow up to

Fig. 2 (a) Shows the bifurcation diagram of the Lozi map with g-
deformed x variable in the deformation range —4 <, <4 and ¢, = 0.
We restrict the y-axis to a range and ignore large but rare values. (b)

-4 -2 0 2 4
X0
(b)

infinity for double deformation. The initial conditions in the blue
region converge to a fixed point and those in the green region lead to a
chaotic attractor. Several of the initial conditions that blew up in non-
deformed cases are in the basin of the fixed point for double
deformation
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Shows the largest Lyapunov exponent / as a function of ¢, fora = 1.7
and b = 0.5. Positive values of A indicate the existence of chaos
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Fig. 3 (a), (b), (c) and (d) show the strange attractor of the x-
deformed Lozi map obtained at ¢, = —0.02, ¢, = 0.1, ¢, = —0.8 and
€, = 2, respectively. Here a = 1.7 and b = 0.5. Nature of chaotic
attractor does not change much for small values of ¢,, whereas for

X(n+1) =f(Xn,yn) =1 — alxy| +yn
Y(n+1) = g(%n,¥n) = bx,

(1)

where a and b # 0 are real constant. Generally used
parameter values are a = 1.4 and b = 0.3. We note that the
Lozi map displays a singular hyperbolic chaotic attractor at
the typical control parameter value a = 1.7 and b = 0.5.
We study the q-deformed map at a = 1.4 and a = 1.7 for
various values of b.
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comparatively larger values of ¢, such as —0.8 and 2, the nature of the
attractor changes. In all figures, x and y values are restricted in the
region. Large but rare values are not shown for better visibility

The g-deformation of maps can be done in numerous
ways. We use the g-deformation scheme proposed by
Jaganathan and Sinha [17]. We study the cases where (a)
only the x variable is q-deformed, (b) only the y variable is
g-deformed, and (c) both the variables are g-deformed,
essentially in the context of multistability. The doubly g-
deformed Lozi map is as follows:

X(n+1) :f([xﬂ]qx7 [yn]q‘)
Y(n+1) :g([xn]qﬂ [yﬂ]qy)

(2)
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Fig. 4 (a) Shows the space-time plot for ¢, = 2.78. The time series shows a period-8 orbit. (b) Shows a period-16 orbit obtained in the time

series plot for €, = 2.998

Fig. 5 Figure (a) shows the distribution of the initial conditions
emerging into different dynamical conditions. We observe a period-2
orbit (yellow) and a chaotic (purple) attractor coexisting for e, =

2 -1 0 1 2
X0
(b)

—0.912 in the initial value plane. Figure (b) shows the initial
condition emerging into fixed points (red) and chaos (purple)
coexisting for ¢, = 0.05

bl,, = ;
Mo T (T —g) (1 —)

Similarly, with the g-deformed x variable alone, the
equations are as follows:

(4)
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Fig. 6 Phase diagram for several attractors found for various combinations of ¢, and b. Here, (a) @ = 1.4 and (b) a = 1.7. Red color corresponds
to parameter values leading to a single attractor while green represents two attractors. Blue color symbolizes three attractors
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Fig. 7 (a) Basin of attractor for a = 1.7, b = 0.3899, and ¢, = —1.1. Figure shows the existence of three different attractors for different initial

conditions. (b) Time series for different values of initial conditions showing three different attractors

Xty =S (Pl g, n)
Yn+1) = g([xn]ql,yn)

We introduce new variables ¢, and ¢, such that ¢, = 1 — ¢,
andey, =1—¢q,. Asqgx — 1, - 0andas g, — 1,6, — 0

We study the attractors and possible multistability in this
system under the variation of various parameters. (For
€& = —1, x,, = 1 always. Similarly for ¢, = —1, Vg, = 1

(5)

If we deform only the y-variable, the equations are as
follows:

X =f (X, V], always. We do not study these pathological cases. But we
(n+1) ny Ynlg, . : . . .
(6) note that in all the bifurcation diagrams, we certainly

Y1) = 8, [y”]qy) observe a bifurcation near e, = —1 or €, = —1.) The study
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Fig. 8 (a) Bifurcation diagram of the Lozi map is plotted as a function of the deformation variable ¢,. The deformation range is —4 <€, <4. The
parameter values are a = 1.7 and b = 0.5. (b) Shows the largest Lyapunov exponent A plotted as a function of ¢,

of multistable systems has many applications and has
attracted a lot of interest in the past [37].

We also study two diffusively coupled g-deformed Lozi
maps in the last section. In this case, both variables are g-

I4e, or
€

deformed. There is a possible blow up when x =
y= lj—e’ We ignore the initial conditions that correspond
.

exactly to the pole of the function. However, if the values
are close to the pole and not exactly at the pole, their value
can immediately reduce due to the g-deformation, and the
trajectories do not escape to infinity. Thus, gq-deformation
could lead to the confinement of the trajectories that could
blow up in the absence of deformation. We illustrate it with
the following example. Consider the Lozi map for a = 1.4
and b = 0.3. In the absence of g-deformation, there is a
single chaotic attractor obtained for initial conditions in the
basin of this chaotic attractor. All the initial conditions
outside this basin blow up to infinity (See Fig. 1a). For gq-
deformation values ¢, = 0.01 and ¢, = 0.01, the basin of
the chaotic attractor does not change much. However, the
initial conditions that reached infinity in the absence of
deformation tend towards a fixed point for these values.
Thus, there are two coexisting attractors—a chaotic
attractor and a fixed point. The basin of the chaotic
attractor is connected simply (See Fig. 1b). As we shall see
later, in case of double deformation, a few initial conditions
blow up to infinity.

2.1. Case I: g-deformed x-variable

First, we study the dynamics of the Lozi map with the g-
deformed x variable only, keeping the y variable untou-
ched. We study the bifurcation diagrams, the Lyapunov
exponent, and the phase diagrams to reveal the parameter-
dependent bifurcation behavior and multistability. The
bifurcation diagram is a great tool to comprehend the
dynamics of a system. Figure 2a shows the bifurcation
diagram of the g-deformed x variable as a function of the
deformation variable ¢, in the range [—4 : 4]. We start with
a random initial condition with control parameter a = 1.7,
b=0.5.

We observe period-2 state for e, < — 1. A crisis is
observed at ¢, = —0.89 and a chaotic regime begins.
Another period-2 state extends from e, = 0.33 to 1.5.
Eventually, the periodicity ceases to exist, and a chaotic
region is observed in range €, € [1.5,4]. We calculate the
finite-time largest Lyapunov exponent (1) to affirm the
existence of chaos by iterating the q-deformed Lozi map
107 times. At ¢, = 1.6, the largest Lyapunov exponent / =
0.27495 and at ¢, = —0.64, 1 = 0.51242. A positive value
implies chaos. 4 is plotted as a function of deformation
parameter €, in the range —4 <e¢, <4 in Fig. 18b. As
expected, we obtain a positive Lyapunov exponent in the
chaotic regions.
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Fig. 9 A continuous strange attractor is obtained in case of y variable
g-deformed Lozi map (a) for ¢, = —4.5. (b) Shows a continuous
attractor obtained for ¢, = —0.9. (¢) A discontinuous attractor

obtained for €, =0.02. We observe a discontinuity between

The attractors obtained for small values of deformation
€= —0.02 and ¢, = 0.1 are shown in Fig. 3a and b,
respectively. Deforming the x variable does not immedi-
ately change the nature of the attractor. However, it
changes completely for large deformation values of €,. We
show the attractor for ¢, = —0.8 and ¢, = 2 in Fig. 3c and
d, respectively. The chaotic region and periodic orbits are
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€, =0.16 —0.27. (d) Shows a continuous attractor obtained for
€ =25

interspersed. For example, we observe a period-8 attractor
for ¢, = 3.1 and a period-16 attractor for €, = 2.998 (See
Fig. 4a and b). Multistability can be observed for some of
the deformation values ¢,. We observe two different
attractors for different initial conditions for deformation
parameters €, = —0.912 and 0.05. The initial conditions
that blew up in the absence of the deformation (¢, = 0) are
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Fig. 10 Phase diagram for several attractors found for various
combinations of ¢, and b. Here, (a)a = 1.4 and (b) a = 1.7. Red color
corresponds to parameter values where all initial conditions blow up.
Blackcolor stands for the parameter values for which some initial

now in the basin of attraction of the fixed point. The basins
of coexisting attractors for e, = —0.912,0.05 are shown in
Fig. 5a and b. Here, we represent the different initial
conditions leading to different dynamics by different col-
ors. Coexisting period-2 orbit and chaos are observed for
€; = —0.912. Fixed point and chaotic attractor coexist for
€, = 0.05. The basins could be either smooth or intermin-
gled. In one case, the basins are intermingled. While in the
other, they are well separated.

We carry out a systematic study of multistability for
control parameter values @ = 1.4 and a = 1.7 for various
values of ¢, and b. Coexisting attractors were observed
only for a small range of ¢,. In this region, the basin is
fragmented and the nearby initial conditions can lead to
entirely different attractors. For ¢, > 0, we find a chaotic
attractor coexisting with the fixed point for small values of
€. This is similar to the doubly deformed case discussed
above.

We plot a phase diagram consisting of regions of dif-
ferent asymptotic number of attractors for a = 1.4,1.7.
There are predominantly two regions: a) a single attractor
and b) two attractors. Few values of b and ¢, lead to three
attractors. They are often on the borderline of the one
attractor and two attractor phases. (Fig. 6). We do not come
across the parameter values that yield more than three

15 10  -05 0.0 0.5 1.0 15
gy
(b)

conditions lead to an attractor and some blow up. Blue color
represents the parameter values where two distinct attractors exist
with initial states that blow up

possible attractors. The g-deformation of the x variable
leads to a very stable system, and any initial condition
rarely blows up. Thus, the system remains bounded for
most parameter values and initial conditions. We consider
a case where there are three possible attractors. We have
shown three basins of attraction for parameter values
a=1.7, b =0.3899, and ¢, = —1.1 (Fig. 7a). These are
smooth basins. We have observed period-3, period-6, and
chaotic attractors for different initial conditions. Three
different asymptotic time series for various initial condi-
tions are shown in Fig. 7b.

2.2. Case II: gq-deformed y-variable

We study the effect of the g-deformed y variable on the
dynamics of the Lozi map, while keeping the x variable as
it is. Figure 8a shows the bifurcation diagram of the g-
deformed y variable. The diagram is plotted over the range
of deformation parameter —4 <e¢,<4. The control
parameters are a = 1.7 and b = 0.5. We observe a region
of strange chaotic attractor extending from ¢, = —4 to
—3.1. Two disjoint bands in the attractor come together,
and a single continuous attractor is observed in this range.
The Lyapunov exponent A in this range is small but posi-
tive as shown in Fig. 8b.
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Fig. 11 Basin of attractor for (a) control parameter a = 1.4, b =
0.789 and €, = —0.55. The color code is purple = oo, blue = period-8,
yellow = chaos, (b) control parameter a = 1.4, b = 0.3889 and
€, = —0.56. The color code is purple = 0o, black = period-2, red = 6-
band attractor, (c¢) control parameter a = 1.7, b= 0.9499 and

Unlike the case of g-deformed x variable, some initial
conditions always blow up. The nature of the Lozi attractor
changes as well. An attractor obtained at ¢, = —4.5 is
shown in Fig. 9a. Figure 9b shows a strange attractor at
€y, = —0.9 which is not linear. The attractor at e, = 0.02
comprises two chaotic bands (Fig. 9¢c). A strange attractor
with discontinuity is observed between 0.16 — 0.27. The
attractor becomes continuous with an increase in the

X
(d)

€, = 0.4699. The color code is purple = co, black = period-2, green
= period-6, and (d) control parameter a = 1.7, b = 0.9699 and
€, = —1.23. The color code is purple = oo, black = period-2, green =
period-6

strength of the deformation variable e,. With further
increase in €, the bands merge, and we obtain a single
continuous attractor for €, = 2.5 as shown in Fig. 9d. The
nature of the strange attractor is entirely different from that
of the q-deformed x variable case.

We carry out an extensive study of multistability, for
a=1.4 and a = 1.7 for various values of b and ¢,. We
show the phase diagram for the parameter values at which
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Fig. 12 (a) Shows the bifurcation diagram of a doubly g-deformed
Lozi map for a fixed value of €, = —1.1. The control parameters
a=1.7 and b=0.5. The diagram is plotted over the range

we have a) all the initial conditions leading to infinity b)
some initial conditions leading to blow-up coexisting with
conditions leading to a single attractor, and c) initial con-
ditions that can blow up or lead to two possible attractors
(See Fig. 10). Because we do not consider infinity to be an
attractor, true multistability can be claimed only for case
¢). In such cases, we observe a rich structure as shown in
Fig. 11. Fig. 11 show a basin of attractors obtained for
a=1.4 and a = 1.7 for different values of ¢, and b.

2.3. Case III: Doubly g-deformed

In this section, we simultaneously g-deform the x and y
variables. Now we have multiple free parameters a, b, €,
and ¢,. For convenience, we fix €, and study the parameter
dependence on €, and b, fora = 1.4 and a = 1.7. We study
two cases (a) ¢, = —1.1 and (b) ¢, = 1.1, for the existence
of multistability for different values of «,.

The bifurcation diagram with varying deformation
variable ¢, in the range —5 <e, <5 keeping ¢, = —1.1 is
shown in Fig. 12a. We observe an extended chaotic regime
in the range —3.77 <e, < — 1.5, followed by period-2 orbit
up to —1.38. Another chaotic region emerges in the range
—1.38 <e, < — 0.95. We plot the largest Lyapunov expo-
nent of the doubly g-deformed Lozi map for ¢, fixed at
—1.1 and ¢, in the range [-5:5] in Fig. 12b). Several

Largest Lyapunov Exponent (1)

-0.5
-1.0 -
1.5
-2.0 -
2.5 1 1 1 1 1
-4 2 0 2 4
8X
(b)

—5 <€, >5. (b) Shows the plot of the largest Lyapunov exponent 1
calculated over the deformation range —5 <€, <5. ¢, fixed at —1.1

periodic attractors were observed for positive values of e,
which cannot be noticed in the bifurcation diagram (See
Fig. 13a—). Period-6, period-9 and period-3 orbits are
obtained for €, = 0.42, 0.45, and 0.5, respectively. The
nature of the strange attractor obtained at €, = 0.8 is shown
in Fig. 13d. We further investigate the underlying initial
value-dependent coexisting dynamical phenomenon by
varying the strength of the g-deformed variable ¢, keeping
€, = —1.1. We obtain the kinetic map for ¢, = —0.0499. In
the initial value plane, some set of initial conditions adhere
to period-2 and period-6 attractor, while the rest of them
are fixed points (See Fig. 14a). Figure 14b shows the
coexistence of chaotic attractor and fixed points for
ex = —0.8. At the onset of the fixed point emerging into
period-2, we observe the coexistence of the period-2 orbit
and fixed point at ¢, = —0.3 (see Fig. 14c). Figure 14d
shows the fixed points and period-4 orbit coexisting at the
transition of period-2 to period-4 for ¢, = 0.02.

In case (b) we fix €, = 1.1. We observe multistability in
this case as well. Figure 15a shows the bifurcation diagram
plotted over the range —5 <€, < 5. Period-2 orbit extends
up to ¢, = —1.46, which leads to period-4 orbit. A chaotic
regime begins at €, — 1.21. Another chaotic region extends
between —0.8 to —0.25. It is followed by two bands
merging into period-4 and eventually period-2 orbit.
Another chaotic region extends in the range 2 < e, <5. The
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Fig. 13 (a) Represents period-6 attractor existing in the doubly g-

deformed Lozi map for ¢, = 0.42 and ¢, = —1.1. (b) shows period-9
attractor obtained at €, = 0.45. (c¢) shows the time evolution of

plot of the Lyapunov exponent is shown in Fig. 15b. Fig-
ure 16a shows the time evolution of period-6 attractor
obtained for ¢, = —1.18 and ¢, = 1.1. Figure 16b—d shows
the change in dynamics of the strange attractor with a
change in the value of ¢,. For ¢, = 0.45, the strange
attractor shows a single discontinuity in the range 0.22 —
0.8 (See Fig. 16¢c). For ¢, = 0.55 the strange attractor
shows multiple discontinuities in the range —0.63 to
—0.17,0.12—0.96 and 0.75—0.99 (Fig. 16d).
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period-3 attractor obtained for €, = 0.5. (d) Shows a strange attractor
obtained for €, = 0.8. ¢, is fixed at —1.1 in all cases

Multistability is reflected in Fig. 17a—d. We represent
the initial values emerging into different dynamics with the
help of different color regions. In Fig. 17a, we observe
coexisting period-6 and chaotic attractor for ¢, = —1.18 in
the initial value plane. Period-10 and period-8 attractors are
found to be coexisting for e = —1.05(See Fig. 17b). Fig-
ure 17c and d shows chaotic and fixed points existing
simultaneously for e, = 0.0599 and €, = —0.1, respec-
tively. The number of initial conditions converging to
chaotic dynamics increases with an increase in €,. In all the
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Fig. 14 We have plotted various basins for €, = —1.1 for various
values of ¢,. (a) For ¢, = —0.0499, we find the coexistence of the

fixed point(blue), period-2 (pink), period-6 (black). (b) For e, = —0.8,
we find the coexistence of the chaotic (orange) and the fixed points

above cases, we study the coexisting hidden periodic orbit,
chaotic attractor, and fixed points that are not evident in the
bifurcation diagrams. The existence of a hidden attractor
confirms the existence of multistability in the doubly g-
deformed Lozi map.

We carry out a systematic study of multistability for
a = 1.4 and a = 1.7 for various values of €, €, and b. We
study the basin of attractor for a=14, b=0.3,

-2 -1 0 1 2
X0
(d)

(blue). (¢) For ¢, = —0.3, we find coexisting fixed points (blue) and
the period-2 attractor (pink). (d) For €, = 0.02, we observe the fixed
points (blue) attractor coexisting with a period-4 (red)

ex = —0.6599, ¢ =-1.6499 and a=17, b=05,
€ = —0.9799, €, = —1.6599(See Fig. 18). The basin of
attractors is well-distributed in the case of a = 1.4 whereas
we obtain completely intermingled basins for a = 1.7. We
plot the phase diagram of different attractors obtained for
a=14,b=0.3and a =1.7,b = 0.3 for different combi-
nations of ¢, and ¢, (See Fig. 19). The green color repre-
sents parameter values that lead to one attractor, red leads
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Fig. 15 (a) Shows the bifurcation diagram of the doubly q-deformed
Lozi map for a fixed value of deforming parameter €, = 1.1. Here
a=1.7 and b=0.5. The range of deformation parameter is

to two attractors, and blue leads to three attractors. Single
attractor and double attractor regions are dominant in the
parameter space. Very few parameter values lead to
coexisting three attractors. The g-deformation of both
variables has rarely led to initial conditions that blow up to
infinity. Therefore, the system remains bounded similar to
the g-deformed x variable only.

3. Coupled q-deformed Maps

Multistability can be observed often in coupled systems
due to an increase in complexity. It has resulted in the loss
of synchronization in the case of Logistic maps [38] and
Hénon map [39, 40].

We study chaotic synchronization in two doubly
deformed Lozi maps. We simultaneously deform both
x and y variables and define two coupled maps in a standard
manner. The first map is attributed the variables (x1, y1)
and the second has (x2, y2). The coupling constant is d.

The coupled q-deformed Lozi map is as follows:

Apeny =0 =df (lal,, Wale) +df (24, [V24l,,)
Y = (1= d)g([xla],,, lal,,) + dg([x24], 24].,)
2pir) = (1= df (2], 20],,) + df ([xlal s Y 1a],)
Y2mey = (1 = d)g(x2] > V24, ) + dg([xla].,, 1l

1.5

ol AN
Y

Largest Lyapunov Exponent (1)
)
o

1.0 F
15
2.0}
2.5 L ' L
-4 2 0 2 4
€x
(b)

—4 <€, <4. (b) Represents the largest Lyapunov exponent 4 obtained
for deformation parameter ¢, in the range [—4 : 4]

where,
X
L N )
- Yy
b, = 1+e(l-y)

The Jacobian around a synchronized solution (X, Y., X, Y»)
is given by:

(I=d)f. (1-4d)f dfx dfy
oo |U-dge (I—d)gy  d dgy
! dfy dfy (1-d)f, (1-4d)f,
dgx dgy (1-d)g: (1 -d)gy
(7)
where
of ([xale,» nle, > Bl s [vmle,)
fe= ox,

and f;, g and g, are defined analogously. This matrix can
be block diagonalized as:

i £ 0 0
| & &y 0 0
=10 o (1-2d), (1-2d), ®
0 0 (1-2d)g (1-2d)g,
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Fig. 16 (a) Shows the time evolution of period-6 attractor in the
doubly deformed Lozi map for ¢ = —1.18 and ¢, =1.1. (b)
Existence of a strange attractor for ¢, = —0.1. ¢, is fixed at 1.1 in
all cases. (¢) For ¢, = 0.45, the strange attractor shows a single
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discontinuity in the range 0.22—0.8. (d) For €, = 0.55 the strange
attractor shows multiple discontinuities in the range —0.63 to
—0.17,0.12—0.96 and 0.75—0.99
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(a)

(b)

2

-2 -1 0 1
X0
(c)

Fig. 17 Figure (a) shows the plot of initial conditions at ¢, = —1.18.
It shows the coexistence of period-6 (green) and chaotic attractor
(purple). Figure (b) represents the coexistence of period-10 (pink) and
period-8 (black) attractor for e = —1.05, (¢) shows coexisting chaotic

2 -1 0 1 2
X0
(d)

(purple) and fixed points (red) for €, = —0.1 and (d) shows coexisting
chaotic (purple) and fixed points (red) for €, = 0.0599. The fraction
of initial conditions converging to chaotic points increases with an
increase in ¢,. In all these cases ¢, is fixed at 1.1
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-2 -1 0 1 2
X0
(a)
Fig. 18 Basin of attractors of doubly deformed Lozi system with red lead to period-2, blue lead to period-4, and black lead to fixed

@a=14, b=03, & =-0.6599, ¢ =-1.6499, (b) a=1.7, points. In (b), the initial conditions in yellow lead to chaos and green
b =035, ¢ =-0.9799, ¢, = —1.6599. In (a) initial conditions in leads to period-3. Here, the basins appear completely intermingled

2

2 -1 0 1 2
€x

(a) (b)

Fig. 19 Phase diagram for several attractors of doubly deformed Lozi leads to three attractors. Again, we observe that three attractors are
system with (a) a =14, b=0.3, (b) a = 1.7, b = 0.5 for different obtained very rarely and are on the borderline of parameter values
combinations of €, and €,. The green color represents parameter leading to one and two attractors

values that lead to one attractor, red leads to two attractors, and blue
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Fig. 20 We plot the last 1000 values of (a) x1 and (b)x1 — x2 after 5 x 10 iterates (for the parameter values a = 1.7, b = 0.5 and ¢, = € =0.4)
as a function of coupling parameter d. We observe synchronization for 0.07 <d <0.93 as expected where (xI —x2)~0

This block-diagonalizing transformation does not depend
on the variable values. Thus, the system is chaotic if a
single map is in the chaotic region, and synchronized chaos
is possible if |(1 —2d)exp(Amax)| <1. Let €, =€, = 0.4.
The other parameter values are a = 1.7 and b = 0.5. For
d =0, ie., the uncoupled case, the largest Lyapunov
exponent is A, = 0.143. Thus, we observe chaotic syn-
chronization for 0.07 <d <0.93 for close by initial con-
ditions. This is the case indeed (See Fig. 20).

4. Conclusions

We study the dynamics of the Lozi map under g-defor-
mation of a) the x variable only, b) the y variable only and
c¢) both x and y variable. The control parameter values are
a = 1.4 and a = 1.7 with different values of b. The case of
the coupled g-deformed maps is studied in the last sec-
tion. The bifurcation diagrams, Lyapunov exponents, phase
portraits, and basins of the attractor are used to examine the
underlying multistability in each case. Multistability is a
significant feature. Even a slight perturbation can change
the dynamics of the system from one attractor to another.
In this case, the multistability is driven by initial conditions
in the respective region of attraction for a given set of
parameters. In the case of q-deformed x variable only, the
phase diagram in the parameter space €, and b shows
predominantly two regions comprising of a single attractor
and a double attractor. Very few parameter values lead to
three coexisting attractors. We find several coexisting
attractors in the initial value plane. The different basins
corresponding to different attractors can be intermingled or

smoothly separated. The g-deformation of the x variable
only rarely blows up to infinity. Therefore, the system
remains bound for all the initial conditions studied for this
case. The number of possible attractors is two or at the
most three. We do not observe extreme multistability in
any case.

We observe blow up to infinity in case of q-deformation
of the y variable only. The phase diagram for the parameter
values €, and b shows the cases where all the initial con-
ditions lead to infinity, some initial conditions lead to blow
up coexisting with initial conditions that lead to a single
attractor and initial conditions that can blow up or lead to
two possible attractors. Multistability can be claimed only
in the last scenario. If both the variables are q-deformed,
we find several coexisting attractors in the initial value
plane. The phase diagram reveals several intermingled and
well-separated phases. We obtain parametric regions with
single and dual attractors primarily. The cases where three
coexisting attractors exist often appear along the borderli-
nes of single and double attractors. The system remains
bound for all the initial conditions studied in this case,
similar to the case of the q-deformed x variable.

In case of diffusively coupled g-deformed Lozi maps,
we simultaneously g-deform both the variables. It is
notable that, unlike the non-deformed map, the trajectories
seldom escape to infinity in the case of doubly deformed
and g-deformed x variables only. It implies that the system
can be operated in a stable regime without blowing up.
Secondly, we do not observe the same if only the y variable
is deformed. Finally, in the doubly deformed case, we have
a parameter regime consisting of a single chaotic attractor.
It has a smooth basin. Such regime can be very useful in
cryptography using chaotic synchronization. In the same
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context, we have also established the synchronization cri-
teria in doubly deformed maps. We have studied chaotic
synchronization. Chaotic synchronization is observed for a
range of coupling values. An analytic explanation for the
same is obtained.
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1 physics, ultrasound is a vital and efficient research tool. Understanding the physicochemical behavior of
[ liquids and determining the nature of molecular interactions have become increasingly important goals

2023 . of the ultrasonic study of liquid mixtures. Additionally, it offers a powerful and trustworthy instrument
’for ‘examining ultrasonic properties of polymer solution in the context of phase separation research.
KEYWORDS i Ultrasonic velocity (u), Density (p) and viscosity (n) for aqueous polyvinyl alcohol have been measured
Ultrasonic velocity; i.at 2 MHz and at temperature range 288K-308K and at concentration range 0.05wt% to 0.3:wt% by
Density; Viscosity; pulse echo technique. From this data, acoustic parameters such as adiabatic compressibility (Ba),
FTIR; UV. ¢ acoustic impedance (Z), relaxation time (t) and free length (L7) were calculated for aqueous:PVA

dlutions. The results are interpreted as per the molecular interactions in the aqueous PVA solutions
nd coinpai‘ed with the results obtained from FTIR and UV- visible spectroscopy. PVA can be employed
s_a' tablet binder in the pharmaceutical industry due to the interactions observed in the solutions. The
¢ strength of molecular interactions in aqueous PVA solutions is indicated by thermo acoustic parameters

i including  ultrasonic - velocity, - density, viscosity, adiabatic -compressibility, acoustic impedance,

. B e . 3

{ relaxation time, free length, etc.’ /.

1. Introduction 2

Many researchers have become interested in polyvinyl
alcohol (PVA) because of its exceptional qualities, including
hydrophilicity, biodegradability, ~ biocompatibility, —and
nontoxicity. It is a non-toxic, water-soluble polymer that has
been extensively used in numerous research fields [1-2],
including biomedical and drug delivery systems [3].
Additionally, it possesses exceptional resistance to oil, grease,
and solvents as well as film-forming and emulsifying
properties. Due to its high hydrophilicity and processability, it
might be combined with various polymers. High tensile
strength, abrasion resistance, and oxygen barrier characteristics
can be found in PVA films [3]. It is a potentially useful
material with good charge storage, high dielectric strength, and
dopant-dependent electrical and optical properties. It too has a
backbone made of carbon chains with hydroxyl groups joined
by methane carbon. These OH groups can serve as a hydrogen
bonding source, which ‘helps to create polymer blends and
composites. One of the key elements affecting PVA's
properties and uses is the water absorption it experiences.
Additionally, PVA has a high density of hydroxyl groups,
which act as cross-linking sites after being exposed to
radiation, chemicalsor heat [4]. One of the main areas of study
in both fundamental and practical aspects has been the

spectroscopic and ultrasonic analysis of polymer solutions. A
spectroscopic  investigation that demonstrates substantial
results on the polymer solution’s spectroscopic and ultrasonic
properties is required to modify and improve its properties.

2. Materials and methods
2.1 Materials

The polyvinyl alcohol solutions were made by adding a
predetermined amount of water with a given weight of PVA.
Then stirred it till to obtain clear solution. Then, the
concentration was expressed in weight percent. Its range was
set at 0.05 weight percent to 0.3 weight percent ( i.e. 0.05wt%,
0.1wt%, 0.15wt%, 0.2wt%, 0.25wt%, and 0.3 wt%).

2.2 Methods

Using the MHF-400 pulser receiver at 2 MHz and a
temperature range of 288 K to 308 K, the ultrasonic velocity
was measured. Viscosity were measured by Oswald's
viscometer's and density by Picknometer. With a precision of
0.1K, the temperature was maintained using a thermostatically
regulated water circulation system with a Plasto Craft LTI3 -10
thermostat, The standard formulae shown below were used to
determine various thermos-acoustical properties using

experimental data on ultrasonic veiocity, density, and viscosity
[5-6].

¥/Copyright: © 2023 by the authors, Licensee Research Plateau Publishers, India’
- Thisarticle is an open access article distributed under the terms and conditions of the .
i Creative Corprhons Attribu_tiqn (CCBY) license (http§://9reativecpmmons.org/licenses/by/4.0/).
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(Eq. 1) to determine ultrasonic velocity.

u=(2d /t) m/sec, )]

v\fhere, d is the separation between transducer and reflector
and ¢ is the travelling time period of ultrasonic wave.
(Eq. 2) to determine density -

' f
p =3tp, kgm? @)
w

where, M; and M, are the mass of liquid and water
respectively. pw is the density of water.
(Eq. 3) to determine viscosity

Pt S
v
Pty ¥

n=

©))

where p is the density of experimental liquid, p, is the
density of water, 1 is the viscosity of water, # is the time
required to experimental liquid to flow from mark A to B in
viscometer, and #, is the time of flow of water.

(Eq. 4) to determine adiabatic compressibility

o=tz “
(Eq. 5) to determine acoustic impedance
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Z=pu ®)

(Eq. 6) to determine relaxation time

T=31.8, (©)
(Eq. 7) to determine free length

Ly =K;B:"? _ M
where K; stand for Jacobson’s constant.

2.3 Characterizations :

In present work auther used UV spectrophotometer (UV-
1800 pc) of Shimadzu Company for UV-vis characterization
and Bruker Alpha FTIR instrument No. 10066587 for FTIR
characterization and MHF-400 pulser receiver for ultrasonic
characterization by pulse echo technique.

3. Results and discussion
3.1 Ultrasonic analysis

The following Figures 1(a), 1(b), 1(c), 1(d), 2(a), 2(b) and
2(c) discuss how thermo-acoustical properties change for
various concentrations (wt%) at temperatures between 288 K
and 308 K at 2MHz frequency:

The variation in ultrasonic velocity and density with
concentration (wt%) is depicted in Figure 1(a) and 1(b).
Viscosity () versus concentration (wt%) is plotted in Figure 1
(c).

1. (b) PVA-Water
~4-288K ~m-203K ~4~208K 303K ——308K
1020
. 1015
£ 1010
g 1005
Z 1000
£ 995
S
a 990
085
0 0.05 0.1 0.15 0.2 0.25 0.3
Concentration(wt%)
1. (d) PVA-Water-2MHz
~+=288K ~2+203K =u=208K =-303K =~=308K
4.80E-10
4,60E-10
o
= 4.40E-10
4.20E-10
4.00E-10

0 0.050.10.150.20.250.3
Concentration(Wt%)

Figure 1: (a) ultrasonic velocity, (b) density, (c) viscosity, (d) adiabatic compressibility

)

It has been found that viscosity marginally increases as
polyvinyl alcohol's weight percentage in water rises.
According to Kauzman and Eyring, a mixture's viscosity is
greatly influenced by its entropy, which is connected to both
the liquid's structure and the interactions between its

constituent molecules. As a result, molecular interaction as
well as molecule size and shape have an impact on viscosity.In
the study of molecular interaction, the measurement of
viscosity in binary mixtures provides some trustworthy
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information. The strength of the molecular interagtions
between interacting molecules is determined by viscosity [7].

The viscosity of the polyvinyl alcohol + water system is
increased by the dipole-dipole interactions of the permanent
dipoles in component molecules. The metric for intermolecular
association, dissociation, or repulsion is called adiabatic
compressibility. It also controls how the molecules that make
up the parts are oriented.

The fluctuation of adiabatic compressibility (Ba) vs
concentration (wt%) is shown in Figurel (d). It has been found
that as the concentration (wt.%) of polyvinyl alcohol in water
increases, adiabatic compressibility decrease, indicating a
significant intermolecular contact between the component
molecules in this system and an associating property. It is
obvious that several closely bound systems have formed in the
PVA + Water system based on the rapid decrease in adiabatic
compressibility with concentration increase. This might be
brought on by a more rigid liquid structure linked to PVA's
hydrogen bonds in water. Solvent molecules have been
discovered to cause such a drop in compressibility in the

(a) PVA+Water-2MHz
~+-288K =-293K ~e=298K w=303K =~+=308K

1.57E+06

solution [7]. According to Kiyohara and Benson, adiabatic
compressibility is the product of a number of conflicting
effects. The creation of hydrogen bonds between constituent
molecules, interstitial accommodation, or strong dipole-dipole
interactions all result in more compact structures and lower
adiabatic compressibility. The observed increase in degree of
connection in the component molecules is indicated by the
decrease in adiabatic compressibility with concentration.
Therefore, when concentration increases, the intermolecular
distance reduces. The main factor that alters with structure and
affects ultrasonic velocity is compressibility [7-8]. There is
infinite contraction in the component molecules, as evidenced
by a decrease in adiabatic compressibility. The molecules pack
more tightly as adiabatic compressibility declines, which
reduces the intermolecular free length. Through hydrogen
bonds, the strong molecular connection between dissimilar
molecules is strengthened as adiabatic compressibility
increases. It is discovered that adiabatic compressibility (Ba) is
practically reciprocal to acoustic impedance (Z).

(b) PVA+Water-2MHz

288K ~8~293K —2~208K ~~=303K =+=308K
1.55E+06 7.50E-13 ‘_/-ho.—-—O—-"
N 1.53E+06 6.80E-13 "__a/nf—“—ﬂ-—“"“"
1.51E+06 £  6.10E-13 .
1.49E+06 ¥ 5.40E-13 f—d" °
1.47E+06 £ 4.70E-13 -
4.00E-13 —
; +
et 0 0.050.10.15 0.2 0.25 0.3 0 00501015 0.2 0.25 0.3
Concentration (Wt%) Concentration(Wt%)
(c) PVA+Water-2MHz
—+-288K B-293K —4=298K —==303K —+=308K
g 430Em
2 420811 ¥
£
S 410E-11
L
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§ 4.00E-11
[
3.90E-11
0% 005 01 015 02 025 03
Concentration(Wt%)

Figure 2: (a) Acoustic impedance, (b) Relaxation time, (c) Free length.

Acoustic impedance variation versus concentration can be
seen in Figure 2(a). It has been found that when concentration
(wt%) increases, so do the values of acoustic impedance,
Because ultrasonic velocity increases with concentration, it
satisfies the theoretical requirements. The decrease in
intermolecular distance and relative decrease in gaps between
the component molecules caused by intermolecular contact can
be utilized to explaining the acoustic impedance (Z) increases
with concentration. This implies that significant interactions
are also present in this liquid system,

The Figure 2(b) shows the relationship between relaxation
time and concentration (Wt%). The fact that relaxation time
slightly increases as polyvinyl alcohol content in water rises
indicates that polyvinyl alcohol molecules are highly stable.
Since polyvinyl alcohol has a tight structure and unstable

1

molecules, the relaxation time is prolonged. Both the
translational and the vibrational degrees of freedom can
transmit energy, and both of these degrees are involved in the
activity that is being seen [8]. Its behavior is determined by the
liquid solution's viscosity and adiabatic compressibility. In this
system, viscosity is crucial for lengthening relaxation times as
concentration increases. With a rise in focus, the relaxation
time rises. Due to its exceptional hydration, the solution is
highly organized, and as a result, it is more likely to absorb
ultrasonic energy[8-9]. Always expect that the mobility of the
molecules in the solvent that is closest to the polymers will be
lower than that of the molecules in pure solvent.

The curve of free length against concentration is shown in
Figure 2(c). A measure of the intermolecular attraction
between the constituents in binary mixes is the free length (L)

Page | 80



of a system. The intermolecular connection has weakened, as
evidenced by the growth in free length. According to graphic
behavior, _ free. length decreases as polyvinyl alcohol
concentration in water rises. Dipole-dipole interactions,
hydrogen  bonding-mediated association, or interstitial
accommodation of dissimilar molecules if their sizes differ are
all causes of a decrease in free length. Due to impérfect
symmetry and a reduction in the amount of accessible space
between the component molecules, free length decreases with
concentration. Free length shortens as ultrasonic velocity
quickens, exhibiting an inverse tendency that is well in line
with the demands of theory. The decrease in free length as
!’VA concentration in water rises suggests that there are strong
interactions between the solute and solvent, which may be
supporting the behavior of the molecules in the binary solution
that promotes structure. This results in an improvement of the
closed structure, or an increase in the tightly packed structure
of the component molecules. The increase in dipolar
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association, which creates strong hydrogen bonds in the
molecules of the liquid mixes, may be the cause of the decrease
in free length. Free length shortens as ultrasonic velocity
quickens, exhibiting an inverse tendency that is well in line
with the demands of theory. The decrease in free length as
PVA concentration in water rises suggests that there are strong
interactions between the solute and solvent, which may be
supporting the behavior of the molecules in the binary solution
that promotes structure. This results in an improvement of the
closed structure, or an increase in the tightly packed structure
of the component molecules. The increase in dipolar
association, which creates strong hydrogen bonds in the
molecules of the liquid mixtures, may be the cause of the
decrease in free length [7-9].

3.2 FTIR analysis
FTIR analysis is shown in Figure 3.
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Figure 3: FTIR of aqueous PVA.

FTIR spectroscopy is a useful technique for identifying
and investigating the presence of various functional groups in
polymer solutions. The infrared spectra of various crystalline
polymers have been extensively examined by polymer
spectroscopists, but very little has been done to analyze the
basic vibrations of organic polymers and copolymers. Because
synthetic rubbers made of polyvinyl alcohol have such a'wide
range of industrial applications, it has been regarded as a
significant polymer. The goal of the current inquiry is to
examine the vibrational spectra of a polyvinyl alcohol polymer
solution. Environmentally friendly and water soluble synthetic
polymer with superior film-forming, emulsifying, and solvent-
and oil-resistance capabilities is polyvinyl alcohol (PVA).
Different weight percents of polymer solutions were created.
Through FTIR spectroscopy, each material is examined for
structural characteristics and miscibility behavior, We used a 1
(Wt.%) aqueous PVA solution for the current FTIR
investigation. The following graphic compares the FTIR
spectra of aqueous Polyvinyl alcohol (PVA) in a 1 weight
percent solution to that of pure PVA. The spectrum
demonstrates the features of several functional groups,

absorption, stretching, and bending frequencies. The spectral
peak at 3648.36 cm™ for the spectrum of an aqueous PVA
solution is due to OH bonding. =C-H stretching (Olefinic) is
thought to be responsible for the peak at 3000 cm™. C=0
bending may be seen in the typical band at 1744.45 cm™'. The
C-C stretching (Aliphatic) and shifting are credited with
causing the peak at 1373.02 cm. C-O stretching and shifting
is attributed to the spectral peak at 1216.50cm™.While the
spectral peak at 3600 cm™ in the spectrum of pure PVA is
attributable to OH bonding. Between Pure PVA and an
aqueous solution of 1 weight percent PVA, there is a slight
shift in the OH bonding. Additionally, the peak for Pure PVA
at 2917 cm™ is due to =C-H stretching. As shown by the
typical band at 1690 cm™, C=0 bending. C-C stretching is also
thought to be responsible for the peak at 1373 cm™'. The 1081
cm! spectral peak is attributed to C-O stretching, Therefore,
there is a slight wavelength shift in each peak. This indicates
that there were no new bonds that were comparable to those in
pure PVA were discovered in the aqueous PVA 1(Wt.%)
solution. It is because the aqueous PVA solution has poor
molecular interaction [10-13].
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3.3 UV-visible analysis *

Be_cause it offers crucial details regarding the absorbance,
transmlttance,_ and ref_]ectance of polymeric materials, UV-vis
Spectroscopy is a particularly intriguing approach [13]. PVA is

1.381

a crucial polymer because it has excellent  optical
characteristics including great transparency. Figures 4 and 5
shows the UV absorbance spectra of aqueous PVA at various
weight percentage concentrations.
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Figure 4: UV-vis aqueous PVA 0.05 wt.% solution (Eg.=4.71 eV and A=263 nm for peak-2.
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Figure 5: UV-vis aqueous PVA 0.25 wt.% solution (Eg = 4.58 ¢V) and A=268.5 nm for peak-3.

PVA's absorbance spectra in water exhibits a distinctive
peak at 194 nm that can be attributed to the compound's
carbonyl groups C=0 and C=C. There have been reports. of a
reasonably strong band at 270 nm, which is connected to the
presence of residual acetate groups in PVA [13-15].

PVA exhibits distinctive absorbance bands
associated to high-energy absorption at 263 nm for 0.05 wt%,
267.5 nm for 0.15 wt%, and 265 nm for 0.25 wt% solution.
The electrical transitions n-* (R-band) and * (K-band) can be
attributed to these bands, respectively. With a slight variation
in the position of the bands at various concentrations (wt%) in

the aqueous PVA solutions, all the bands seen in neat PVA.
Thus, the UV-vis spectra revealed an absorption that was
primarily in the UV region and barely detectable at visible
wavelengths. For the peaks of various concentrations in weight
percent listed below, energy band gaps are determined for the
current inquiry. Sharp peak at wavelength 3 (or 268 nm) and
energy band gap calculated as 4.62 eV are discovered for 0.25
weight percent. The peak is located at 2 (263 nm wavelength)
and the energy band gap is 4.71 eV for 0.05 weight percent.
Additionally, it has been found that the energy band gap of
the polymeric material reduces with an increase in the weight
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percentage of the aqueous PVA solution. This lead
concllfsmn t}Iat as concentration decreasc;.s th o b
gap widens, increasing the dj : » the energy band
g the dielectric characteristics of PVA.
4. Conclusions
whicrgh:lst:n(;se:gre aﬂl'ects thermoacoustical characteristics,
SOl e pend on th'e concentration (Wt%) of the polymer
conﬁrm;ed . ;:lr]esenc? of w::ak polyn?er-solvent interactions is
P Y the variation in acoustical characteristics (wt%)
V?.rIOL{s solutions. The spectral analysis clarifies specific
chemical interactions that are confirmed by the measurement
of  thermo-acoustical  characteristics.  Research  on
thenr}oacoustical characteristics suggests that polymer
solutions can form single phases and exhibit miscibility. FTIR
study indicates that there were no new bonds that were
comparable to those in pure PVA were discovered in the
aqueous PVA 1(Wt.%) solution. It is because the aqueous PVA
solution has poor molecular interaction. i
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UABSTRACT : ' S :

& We evaluated the opncal parameters of doped polymer blends (PVC / PMMA). 'I‘he energy gap (Eopt)
absorptlon edge, optical permittivity, refractive index, constant B, (1B)-, and N/m* are composition-
dependent. Increase the dopant concentration. The refractive index (no) was calculated in the range of
400 to 1000 nm and its linear. or nonlinear behavior was also investigated with increasing lodine

£ content. The ratio of carrier concentration to the effective mass (N/m*) was evaluated.
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1. Introduction

Polymer composites have grown steadily in importance
over the past decade. The incorporation of transition metal salts
into polyvinyl polymers, either pure or mixed in multiphase
systems, can lead to large changes in various parameters of the
polymers [1-3]. The study of the optical absorption spectra of
solids provides important information about the band structure
and energy gap of crystalline and amorphous materials.
Analysis of the low-energy part of the absorption spectrum
provides information about the vibrations of the atom, while the
high-energy part of the spectrum provides information about the
electronic state of the atoms.

The refractive index is an important parameter for the
design of optical components such as prisms, windows, and
optical fibers [4]. Polyaniline is used in light-emitting diodes in
pure or doped form photovoltaic, sensors and supercapacitors
[5]. Polyaniline is widely used as a research material due to the
low cost of the monomer, ease of processing, and excellent
stability [6, 7]. In transparent he studied conductive metal oxide
thin films. Such transparent conductors are applied in a variety
of active and passive electronic and optoelectronic devices [8],
from aircraft windows to charge-coupled imaging devices

[9]. Photoconductivity is one of the important classes
of electro-optical properties of materials. Such studies are of
interest because of the wide range of technical applications and
the complexity of the phenomenon [10]. Sangwar and Mohari
(11] studied the electrical, thermal, and optical band gaps of
polypyrrole-filled PVC: PMMA thin films, using ammonium

persulfate and p-toluenesulfonic acid as oxidants, Polypyrrole
was prepared from pyrrole monomer by a chemlcal oxidation
process, as a dopant.

Patel et al. [12] studied PVC/PMMA polymer blends were
characterized by Fourier Transform Infrared Spectroscopy
(FTIR), UV-VIS spectroscopy, and mechanical analysis.
Ahmed [13] used a solution casting technique to create
transparent films from (PMMA/PVAc) mixtures of different
concentrations. To show the effect of UV radiation, we
performed FTIR transmission spectra on the samples. In
addition, absorbance measurements were taken at room
temperature over the wavelength range 190-900 nm before and
after exposure to UV and filtered radiation using a xenon arc
lamp.

The work was extended to also include changes in the
optical parameters such as band tail width and bandgap energy
of the samples. In addition, refractive indices were calculated
for samples from reflection and absorption spectra before and
after exposure to UV and filtered radiation. The results
indicated that no absorption minima are found in the visible
wavelength range, indicating that all samples are colorless.
Moreover, the increase in the refractive index values after 24
hours of exposure to UV light could be attributed to the
increase in local density due to photo-induced cross-linking.

2. Objectives

The general theory of light absorption by amorphous
semiconductors proposed by Mott et al. [14, 15] shows that

|'Copyright: © 2023 by the authors. Licensee Research Plateau Publishers, India .
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there are some Similarities between the energy band structure
of crystalline and glassy non-metallic materials. Crystalline
materials exhibit well-defined energy bands with sharp
conduction and valence band edges. Glassy materials exhibit
band-tailing into the normally forbidden gap. [16].

Absorption at slightly higher energies (related to
absorption coefficient & > 10*) can provide information about
the combined density of states at the valence and conduction
band edges. There are two types of optical transitions that can
occur at edges in crystalline semiconductors, direct or indirect
the theory of such transitions was advanced by Davis et. al [17]
presentation. Both involve the interaction of electrons in the
valence band with electromagnetic waves, facilitated across the
fundamental gap to the conduction band.

For indirect transitions, however, there is also a
simultaneous interaction with lattice vibrations. Therefore, an
electron’s wave vector can change during an optical transition,
and the momentum change can be absorbed or emitted by the
photon (radiation gives the electron negligible momentum).
For amorphous materials, localized electronic states within the
mobility gap are fundamentally considered. The matrix
element D(E) of the optical transitions between yes in different
bands has the same value regardless of whether the initial
states and the states are localized. ;

Furthermore, the density of states at the band edges is
assumed to be a linear function of energy. Furthermore,
transitions are unlikely if both the initial and final states are
localized [17]. Mort et. al [15] have reported the general theory
of optical absorption in amorphous semiconductors.

The optical absorption coefficient a(v) at a frequency v is
given by

1

_ 4momin ht?—EOEtr 1
a(®) = cngdE ho  ° O

The reflectance [17] can be calculated using the equation
given by

T=(1-R) exp (-A). V)

The relation between the optical diélectric constant (€)
and the square of wavelength (A?) is given by [18, 19]

e=€, )2, ©)

® we2m*
3. Materials and methods

Preparation of sample

The polyvinyl chloride (PVC) of standard grade product
supplied by Polychem Industries Mumbai and polymethyl
methacrylate (PMMA) supplied by Dental Product of India
Ltd., Mumbai was used for the study. The two polymers PVC
(1.5 g) and PMMA (0.5 g) were taken in the ratio of 3:1 by
weight. The 1.5 g of PVC in 20 ml of tetra hydrofuran (THF)
and 0.5 g of PMMA in 10 ml tetra hydrofuran were dissolved
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separately. After complete dissolution, the two solutions were
mixed together. Iodine was added in weight percent to prepare
the iodine-doped blend films, 0.2%, 0.4%, 0.6%, 0.8%, 1.0%.
Each was dissolved in 5 ml of THF to prepare an iodine
solution.

The iodine solution was later mixed with a homogeneous
solution of PVC and PMMA. The total volume of solvent was
kept constant at 35 ml. The solution was heated at a constant
temperature of 333 K for 2 hours to completely dissolve the
polymer and obtain a clear solution. A glass plate (15 cm x 15
cm) was used as a substrate and washed thoroughly with hot
water and then with acetone.

To achieve perfect leveling and thickness uniformity of
the film, the film was prepared on a thoroughly cleaned
optically flat glass plate while floating in a mercury bath, The
entire assembly was placed in a dust-free chamber maintained
at a constant temperature (313 K). Thus, films were prepared
by isothermal evaporation technique [22, 23]. The film was
heated at a constant temperature of 323 K for 12 hours and at
room temperature for another 12 hours to remove traces of
solvent. Finally, the film was peeled off from the glass plate. It
was cut into appropriately sized pieces and washed with ethyl
alcohol to remove the surface contaminants.

Thickness Measurement

For increased accuracy and resolution, a compound
microscope was used in combination with an accelerometer to
measure minimum counts of 13 pm and 3.3 pm at the
magnification of 1:10 and 1:100, was used. A small section of
the sample was taken and mounted vertically to obtain a clear
cross-section of the thickness. The thickness of the film used in
this study is approximately 80 pm.

4. Results

The absorbance 'A’ and transmittance 'T' of simple were
measured at both normal incidence over the spectral range 400-
1000 nm using a CART 2390 double beam auto scanning
spectrophotometer  (within the Regional Sophisticated
Instrumentation Centre, Chennai) The 'A' and ‘T’ on doping
rates of iodine thin films are shown in Figure 1 and Figure 2.

The results for the various optical properties listed in
Table 1 and the iodine percentage are shown in Figure 3. The
observed behavior indicates a forbidden direct transition for
amorphous materials.

Similar behavior was reported by Tembhurkar et. al [24]
and Deshmukh et. al [25] reported. The values of optical
energy gap E,, obtained from the extrapolation of the linear
range and the constant B from the slope of the curve shown in
Figure 3 are given in Table 1 respectively. Note that the value
obtained by E,, increases with ancestry from J,4. Similar
behavior was reported by Deshmukh et. al [25] observed. The
value of the absorption edge [24] is calculated from Figure 2
and summarized in Table 1.

Note that the values obtained for the absorption edge
increase with the dopant percentage.
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Table 1: Variation of Optica] energy gap (E,,), absorption edge, infinitely high-frequency dielectric constant (€'c0), refractive index (ng),
Constant B, the ratio of carrier concentration to the effective mass (N/m*) for different samples.

Sample (Eop) €V Absorption | g Refractive [ ConstantB | (N/m*) (noB)?!
edge (eV) index (ng) (cm2 eV) cm? (cm? eVl

PVC+PMMA+

% of dopant

iodine .

Al 0.2% 1.23 1.22 13.05 | 2.88 1.16 x 10* | 0.49 x10* 29.77x10°

Bl 0.4% 1.26 1.24 1237 | 2.81 1.02 x 10° | 0.28 x10?! 34.79x10°®

Cl  0.6% 1.28 1.27 16.01 | 3.19 1.55x 10° | 0.48 x10% 20.07x10

Dl 0.8% 1.31 1.30 10.41 | 2.69 1.15x 10 | 0.46 x10% 32.27x10®

El 1% 1.33 1.34 996 | 2.57 0.17x 10* | 0.32x10%! 22.22x10°°
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Figure 1: Absorbance spectra of iodine-doped film.
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5. Discussions

The calculated value of (npB)" is nonlinear. A similar
observation was made in his GygTego.,Se, thin films reported by
Shokr et. al [26] and by Deshmukh et. al [25] was considered.

A plot of permittivity €' versus A% is shown in Figure 3 is
linearity according to Equation 3 (effective mass carrier
concentration) is shown in Table 1. Refractive index (1) and
dielectric constant (€') values are nonlinear for all samples.
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! mm to 1000 nm). Therefore, the

averaTghe vah{e nyis given over this wavelength range.

# Ne/ ra’:xo of charge carrier concentration to the effective
ass N/m* was calculated from the slope of the curve €'

versus A”. Figure 3 is consistent wj
t with val
workers [25-28). ues reported by other

6. Conclusions

It can be concluded that the evaluated optical parameters
of doped polymer blends (PVC / PMMA doped with iodine)
such as optical energy gap (E,,), absorption edge optical
dielectric constant, refractive index, constant B. (n,B)" and
N/m* are found to be compositional dependent. The refractive
index (n,) (Calculated in the range 400 to 1000 nm) is found to
be nonlinear with increasing content of iodine. The ratio of
carrier concentration to the effective mass (N/m*) is found to
be of the order of 10*' cm™.
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